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BERKOVICH SPECTRA OF ELEMENTS IN BANACH RINGS
CHI-WAI LEUNG AND CHI-KEUNG NG
Abstract. Adapting the notion of the spectrum Σa for an element a in an
ultrametric Banach algebra over a complete valuation field (as defined by
Berkovich), we introduce and briefly study the Berkovich spectrum σBer
R
(u)
of an element u in a Banach ring R. This spectrum is a compact subset of
the affine analytic space A1
Z1
over Z1 (the ring Z equipped with the Euclidean
norm), and the later can be identified with the “equivalence classes” of all
elements in all complete valuation fields. If R is generated by u as a unital
Banach ring, then σBer
R
(u) coincides with the spectrum M(R) of R. If R is a
unital complex Banach algebra, then σBer
R
(u) is the “folding up” of the usual
spectrum σB(u) alone the real axis.
For a non-Archimedean complete valuation field k and an infinite dimen-
sional ultrametric k-Banach space E with an orthogonal base, if u ∈ L(E) is
a completely continuous operator, we show that many different ways to define
the spectrum of u give the same compact set σBer
L(E)
(u). As an application, we
give a lower bound for the valuations of the zeros of the Fredholm determinant
det(1 − tu) (as defined by Serre) in complete valuation field extensions of k.
Using this, we give a concrete example of a completely continuous operator
whose Fredholm determinant does not have any zero in any complete valuation
field extension of k.
On our way, we also give a complete description of the topological subspace
A1,min
Z1
⊆ A1
Z1
consisting of homeomorphic images of all “minimal” complete
valuation fields.
1. Introduction
In Chapter 1 of [1], Berkovich defined the spectrum M(T ) for a commutative
unital Banach ring T . He used it as one of the tools for his non-Archimedean
geometry. He also defined in [1, Chapter 7], the spectrum Σf of an element f in an
ultrametric Banach algebra A. In this article, we define and study the spectrum
σBerR (a) of an element a in a general unital Banach ring R.
As in [1], a canonical way to define such a spectrum is to consider those elements
t in a complete valuation field K such that a ⊗ 1 − 1 ⊗ t is not invertible in the
(projective) Banach ring tensor product R⊗ˆZK. There are two issues that one
needs to pay attention at. The first one is that R⊗ˆZK could be zero. This issue
can easily be resolved by adding the assumption that it is non-zero, in the definition
of the spectrum. The second issue is that if K is a valuation subfield of another
complete valuation field L, we want to identify t ∈ K with t ∈ L.
This second issue gives rise to the following equivalent relation: (K1, t1) ∼
(K2, t2) if there exists a complete valuation field K and an element t ∈ K such
that K can be identified with valuation subfields of both K1 and K2 under which t
equals t1 and t2, respectively. In fact, the equivalence classes of the disjoint union
of all elements in all complete valuation fields (strictly speaking, this union is not
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a set) is a set with a natural topology, under which it becomes a second countable
locally compact Hausdorff space.
After defining and studying the basic property of the spectra of elements in unital
Banach rings as well as their counterparts for Banach algebras, we will use it to
tackle the question of whether the Fredholm determinant of a completely continuous
operator has a zero in a complete valuation field extension. This question is another
motivation of this study.
The paper is organized as follows. Since (projective) tensor products of Banach
rings play an important role in our study and this notion is not well-documented
in the literature, we will give a brief account of it in Section 2. Moreover, we will
use the tensor product construction to show that a unital Banach ring is a Banach
subring of a unital Banach algebra if and only if it satisfies a canonical “regularity
condition” (Proposition 2.5). We will also recall in that section the definition and
basic properties of M(T ).
In Section 3, we will study the space of equivalence classes of all elements in all
complete valuation fields. More precisely, it is established in Proposition 3.2 that
if α is a fixed infinite cardinal and K is the set of all complete valuation fields with
cardinalities less than 2α, then there is a bijective correspondence Θ from the set
K˜ of equivalence classes of the disjoint union of fields in K (under the equivalence
relation as defined above) to the set A1Z1 of non-zero multiplicative semi-norms on
the ring Z[t] of polynomials in one variable with integral coefficients (note that the
later is independent of α). It is well-known that the Hausdorff topology on A1Z1
given by pointwise converges on elements in Z[t] is second countable and locally
compact. Moreover, there is a canonical “valuation” on A1Z1 given by λ 7→ λ(t)
under which Θ preserves the valuations induced from those valuation fields. We
will identify K˜ with A1Z1 directly.
Suppose that µ is the canonical continuous map from the disjoint union of ele-
ments in K to A1Z1 . The restriction of µ on C can be regarded as the “folding up” of
the complex plane alone the real axis (Example 3.4(b)). If K is non-Archimedean,
its image under µ is inside the subset, A1Z0 , consisting of ultrametric semi-norms.
The restrictions of µ on minimal fields in K are homeomorphisms onto their
images and all such images are disjoint from one another (see Proposition 3.2 and
Lemma 3.5). In Theorem 3.8, we will give a complete description of the topological
subspace A1,minZ1 of the unions of all such images.
In Section 4, we will give the definition and some study of the Berkovich spectrum
σBerR (a) as well as its ultrametric counterpart σ
u
R(a). Using the idea in the proof of
the compactness of Σf in [1], we will show in Theorem 4.3 that both σ
Ber
R (a) and
σuR(a) are compact subsets of A
1
Z1
. We will also show that σBerR (a) is non-empty
if there is a contractive additive map from R to a complete valuation field, while
σuR(a) is non-empty if and only if there exists a contractive additive map from R
to a non-Archimedean complete valuation field. In particular, if R is any unital
ring equipped with the trivial valuation, then σuR(a) is always a non-empty subset
of A1Z0 (Theorem 4.4(b)). If R is generated by a as a unital Banach ring, then
Proposition 4.7(b) tells us that σBerR (a) coincides with M(R). However, unlike
the cases of complex Banach algebras and ultrametric Banach algebras, if S is the
unital Banach subring of R generated by a, it is possible that ∂σBerS (a) * σ
Ber
R (a)
even when R is commutative (see Example 4.14).
Furthermore, we consider the case when R is a Banach algebra over a complete
valuation field k. We define closed subsets σBerR,k (a) and σ
u
R,k(a) of σ
Ber
R (a) and
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σuR(a), respectively, that take into the account of the scalar multiplication on R.
It is stated in Proposition 4.11 that σBerR,k (a) (respectively, σ
u
R,k(a)) is non-empty
if there exists a non-zero contractive additive map from R to k (respectively, and
k is ultrametric). Therefore, if R is the unitalization of another k-Banach algebra,
then σBerR,k (a) 6= ∅ (Proposition 4.11(f)). Moreover, when R is ultrametric, σ
u
R,k(a)
is the canonical image of Σa in A1Z0 (Lemma 4.10). In the case when R is a complex
Banach algebra, one has σBerR (a) = σ
Ber
R,C (a) and it is the “folding up” of the ordinary
spectrum σCR(a) alone the real axis (see Proposition 4.13 and Example 3.4(b)).
In Section 5, we will consider the case when k is non-Archimedean, R is the k-
Banach algebra L(E) of bounded linear maps on an infinite dimensional ultrametric
k-Banach space E with an orthogonal base, and a ∈ R is a completely continuous
operator. In this case, it is shown in Proposition 5.3 that σuR,k(a) = σ
Ber
R (a) and
they also coincide with many different notions of the spectrum of u. Using these,
we obtain a relationship between “non-zero” elements of σBerR (a) and zeros of the
Fredholm determinant det(1−ta) of a (Theorem 5.4), and show that if λ is a zero of
det(1−ta) in a complete valuation field extensionK of k, then |λ|K ≥ limn ‖a
n‖−1/n
(Corollary 5.5). We will then give a concrete example of a completely continuous
operator whose Fredholm determinant has no zero in any complete valuation field
extension of k (Example 5.6).
2. Notation and Preliminary on Banach rings
In this article, we denote N0 := N ∪ {0}. A semi-norm on an additive (i.e.
abelian) group X is a subadditive function ‖ · ‖ : X → R+ satisfying ‖ − x‖ = ‖x‖
(x ∈ X). We set ker ‖ · ‖ := {x ∈ X : ‖x‖ = 0}. A semi-norm ‖ · ‖ is said to be
ultrametric if ‖x + y‖ ≤ max{‖x‖, ‖y‖}. On the other hand, it is called a norm if
ker ‖·‖ = {0}. For any additive groupsX and Y with fixed semi-norms, an additive
map ϕ : X → Y is said to be contractive if ‖ϕ(x)‖ ≤ ‖x‖ (x ∈ X). If ‖ · ‖ is a norm
on X and X is complete under the metric defined by d(x, y) := ‖x − y‖, then X
is called a Banach additive group. One can always “complete” a normed additive
group to obtain a Banach additive group.
Suppose that R is a unital ring. We denote by R[t] (respectively, R[[t]]) the ring
of all polynomials (respectively, formal power series) in one variable with coefficients
in R. Moreover, we consider R0 to be the ring R equipped with the trivial norm
‖ · ‖0 (namely, ‖x‖0 := 1 for every x ∈ R \ {0}).
If R is also a Banach additive group with the same addition such that the norm
is submultiplicative, then we call R a Banach ring. We use the term complete
valuation fields, non-Archimedean valuation fields, Banach modules and Banach
spaces in their usual senses. If R is a Banach ring with an identity 1, we say that
it is a unital Banach ring if ‖1‖ = 1.
For any unital Banach rings R and S, we denote by C(R;S) the set of all contrac-
tive unital ring homomorphisms from R to S, and by Aut(R) the set of bijective
elements in C(R;R). If R and T are unital Banach rings with T being commutative,
we say that R is a unital Banach T -algebra if there exists ϕ ∈ C(T ;R); in this case,
we set s · x := ϕ(s)x (s ∈ T ;x ∈ R). Notice that a unital Banach ring is a unital
Banach Z1-algebra, where Z1 is the ring Z equipped with the Euclidean norm.
Suppose that K and L are complete valuation fields. We say that L is an
extension of K if K is isometrically isomorphic to a norm closed subfield of L.
Moreover, K is said to be minimal if K is the only complete valuation subfield
contained in K. We denote by Kmin the set of all minimal complete valuation
fields. By the Ostrowski’s theorem, elements in Kmin are algebraically isomorphic
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to either Q, R, Z/pZ or Qp, for some prime number p. More precisely, for any
υ ∈ (0, 1], wet set Rυ to be the field R equipped with the valuation t 7→ |t|υ1 (where
| · |1 is the Euclidean norm on R). Similarly, for any p ∈ P and ω ∈ (0,∞), we
set Qωp to be the field Qp equipped with the valuation t 7→ |t|
ω
p (where | · |p is the
p-adic norm on Qp). We will also use Q0 and Z(p) to denote the fields Q and Z/pZ,
both equipped with the trivial valuation. If we set, KminR := {Rυ : υ ∈ (0, 1]} and
K
min
Qp
:= {Qωp : ω ∈ (0,∞)}, then
K
min = {Q0} ∪K
min
R ∪ {Z(p) : p ∈ P} ∪
⋃
p∈P
K
min
Qp
, (2.1)
where P is the set of all prime numbers.
On the other hand, we say that a complete valuation field K is generated by a
subset E if the smallest closed subfield of K containing E is K itself. If it happens
that E = {r}, we say that K is singly generated and that r is a generator for K.
Clearly, any minimal field is singly generated but the converse is not true (e.g. i is
a generator for C).
The following are some easy facts, whose proof are left to the readers.
Lemma 2.1. Suppose that K and L are complete valuation fields. Let R be a unital
Banach ring and S be a unital ring.
(a) Any ϕ ∈ C(K;R) is an isometry.
(b) If K ∈ Kmin, then C(K;K) = {id}.
(c) If γ is a submultiplicative semi-norm on S such that there is κ ∈ R+ with
γ(sn) = γ(s)n (s ∈ S;n ∈ N) and γ(m · 1) ≤ κ (m ∈ Z), then for any x, y ∈ S
satisfying xy = yx, one has γ(x+ y) ≤ max{γ(x), γ(y)}.
(d) Let G(R) be the set of invertible elements in R. If x ∈ R satisfying ‖1−x‖ < 1,
then x ∈ G(R). Consequently, G(R) is an open subset of R.
[This proof will not appear in the published version.]
Proof: (a) For any s ∈ K \ {0}, we have
‖ϕ(s)‖−1 ≤ ‖ϕ(s−1)‖ ≤ |s−1| = |s|−1 ≤ ‖ϕ(s)‖−1,
which shows that ϕ is an isometry.
(b) By part (a), any ϕ ∈ C(K;K) will have a closed image, which is closed subfield
of K (which is K itself). Moreover, since ϕ(m) = m (m ∈ Z), the restriction on ϕ
on the subfield generated by the image of Z in K (which is K itself) is the identity
map.
(c) Without loss of generality, we may assume that κ ≥ 1. IfM := max{γ(x), γ(y)},
then for any n ∈ N, one has γ(x+y)n = γ(
∑n
k=0 C
n
k x
kyn−k) ≤
∑n
k=0 γ(C
n
k ·1)M
n ≤
(n+ 1)κMn. This gives γ(x+ y) ≤M as required.
(d) The first statement follows from the argument for a similar statement concerning
Banach algebra. The second statement follows from ‖x−1y − 1‖, ‖yx−1 − 1‖ ≤
‖x−1‖‖y − x‖. 
Notice that there are exactly two elements in C(C;C) (one of them is given by
s 7→ s¯) and C can be regarded as an extensions of C in two different ways.
Suppose that T is a commutative unital Banach ring. Let X and Y be Banach
T -modules. We define a semi-norm ‖ · ‖∧ and an ultrametric semi-norm ‖ · ‖u∧ on
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the algebraic tensor product X ⊗T Y over T by
‖z‖∧ := inf
{ n∑
k=1
‖ak‖‖bk‖ : n ∈ N; a1, ..., an ∈ X ; b1, ..., bn ∈ Y ; z =
n∑
k=1
ak ⊗ bk
}
and
‖z‖u∧ := inf
{
max
k=1,...,n
‖ak‖‖bk‖ : n ∈ N; a1, ..., an ∈ X ; b1, ..., bn ∈ Y ; z =
n∑
k=1
ak⊗bk
}
.
We denote by X⊗ˆTY and X⊗ˆ
u
TY the completions of X ⊗T Y/ ker ‖ · ‖∧ and X ⊗T
Y/ ker ‖ · ‖u∧, respectively. In this case, both X⊗ˆTY and X⊗ˆ
u
TY are Banach T -
modules. By abuse of notation, we identify x ⊗ y with its images in X ⊗T Y ,
X⊗ˆTY and X⊗ˆ
u
TY .
The argument of the following result is standard and is left to readers.
Lemma 2.2. Let T a commutative unital Banach ring, and let X, Y and Z be
unital Banach T -modules.
(a) X⊗ˆTY is a Banach T -module and X⊗ˆ
u
TY is an ultrametric Banach T -module.
(b) Suppose that ϕ : X × Y → Z is a map such that ϕ(rx, y) = ϕ(x, ry) = rϕ(x, y)
and ‖ϕ(x, y)‖ ≤ ‖x‖‖y‖ (x ∈ X ; y ∈ Y ; r ∈ T ). There is a unique contractive T -
module map ϕˆ : X⊗ˆRY → Z with ϕˆ(x⊗ y) = ϕ(x, y). If, in addition, the norm on
Z is ultrametric, there is a unique contractive T -module map ϕˆ : X⊗ˆ
u
RY → Z with
ϕˆu(x ⊗ y) = ϕ(x, y). These two universal properties completely characterize the
Banach T -modules X⊗ˆRY and X⊗ˆ
u
RY (together with the canonical embeddings),
respectively.
(c) Suppose that X, Y and Z are unital Banach T -algebras. Then X⊗ˆTY (re-
spectively, X⊗ˆ
u
TY ) is either zero or a unital (respectively, ultrametric) Banach
T -algebra. If the map ϕ in part (b) also satisfies ϕ(1, 1) = 1 and ϕ(ax, by) =
ϕ(a, b)ϕ(x, y) (a, x ∈ X ; b, y ∈ Y ), then ϕˆ (respectively, ϕˆu) is a unital T -algebra
homomorphism. Furthermore, this universal property concerning contractive T -
algebra homomorphisms will characterise the unital Banach T -algebra X⊗ˆTY (re-
spectively, X⊗ˆ
u
TY ).
Lemma 2.3. Suppose that R and S are unital Banach rings.
(a) Let K be a complete valuation field. If R⊗ˆZK 6= (0) (respectively, R⊗ˆ
u
ZK 6=
(0)), then it is a unital K-Banach algebra.
(b) If K ∈ Kmin and both R and S are unital K-Banach algebras, then R⊗ˆZS ∼=
R⊗ˆKS and R⊗ˆ
u
ZS
∼= R⊗ˆ
u
KS canonically.
Proof: (a) This follows from Lemmas 2.1(a) and 2.2(c).
(b) If K is of characteristic p ∈ P (i.e., K = Z(p)), then R⊗Z S = R⊗K S and the
corresponding projective tensor norms on these two algebras are the same. Suppose
that K is of characteristic zero. Then R⊗ZS = R⊗QS. Moreover, since any s ∈ K
can be approximated by a sequence {sn}n∈N in Q and
‖as⊗ b−a⊗ sb‖R⊗ˆZS ≤ ‖a(s− sn)⊗ b‖R⊗ˆZS+ ‖a⊗ (sn− s)b‖R⊗ˆZS (a ∈ R; b ∈ S),
we know that as ⊗ b = a ⊗ sb in R⊗ˆZS. Thus, Lemma 2.2(c) produces a map in
C(R⊗ˆKS;R⊗ˆZS) that respects simple tensors, which means that the canonical map
from R⊗ˆZS to R⊗ˆKS is a bijective isometry. The argument for R⊗ˆ
u
ZS
∼= R⊗ˆ
u
KS
is similar. 
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Lemma 2.4. Let K be a non-Archimedean complete valuation field and K0 be the
smallest closed subfield contained in K. Let E and F be K-Banach spaces.
(a) If F is ultrametric, then ‖ · ‖∧ is a norm on E ⊗K F .
(b) The following statements are equivalent.
(1) There is a non-zero contractive additive map φ from E to K.
(2) E⊗ˆ
u
KK 6= (0).
(3) E⊗ˆ
u
ZK
0 6= (0).
(c) ‖ · ‖u∧ is a norm on E ⊗K K if and only if for any x ∈ E, one can find a
contractive additive map φ : E → K with φ(x) 6= 0.
Proof: (a) We first recall that norms on a fixed finite dimensional K-vector space
are all equivalent (see e.g. the argument for [4, Theorem 3.2]), and one may then
use the argument for [6, Proposition 17.4(ii)] to finish the proof for this part.
To be more precise, let us consider z =
∑m
j=1 vj⊗wj ∈ E⊗K F with {v1, ..., vm}
being linearly independent. Suppose that z =
∑r
i=1 xi ⊗ yi as well. The equivalent
of norms as stated above gives a constant c > 0 such that ‖
∑m
j=1 ajvj‖ ≥ c ·
maxj=1,...,m |aj |‖vj‖, whenever a1, ..., am ∈ K. As F is ultrametric, it is well-
known that one can find a base {e1, ..., en} for the subspace of F spanned by
{w1, ..., wm, y1, ..., yr} such that ‖
∑n
k=1 bkek‖ ≥
1
2 maxk=1,...,n |bk| ‖ek‖ (see e.g.
the proof of [6, Proposition 10.4]). Let wj =
∑n
k=1 ajkek and yi =
∑n
k=1 bikek.
Then
r∑
i=1
‖xi‖ ‖yi‖ ≥
1
2
r∑
i=1
max
k=1,...,n
‖xi‖ |bik| ‖ek‖ ≥
1
2
max
k=1,...,n
∥∥∥∥∥
r∑
i=1
bikxi
∥∥∥∥∥ ‖ek‖
≥
c
2
max
j=1,...,m
k=1,...,n
|ajk| ‖vj‖ ‖ek‖ ≥
c
2
max
j=1,...,m
‖vj‖ ‖wj‖
Thus, if ‖z‖∧ = 0, then wj = 0 for all j = 1, ...,m and z = 0.
(b) (1)⇒ (2). Suppose that x ∈ E such that φ(x) 6= 0. It is clear that
‖x⊗ 1‖u∧ = inf
{
max
i=1,...,n
‖xi‖ : x1, ..., xn ∈ E;x =
n∑
i=1
xi
}
, (2.2)
and we have ‖x⊗ 1‖u∧ ≥ |φ(x)| > 0 as required.
(2) ⇒ (3). As E⊗ˆ
u
KK 6= (0), there is x ∈ E with x ⊗ 1 being non-zero in E⊗ˆ
u
KK
and hence x⊗ 1 is non-zero E⊗ˆ
u
ZK
0.
(3)⇒ (1). Since E⊗ˆ
u
ZK
0 is a non-zero ultrametric K0-Banach space and K0 spher-
ically complete, the Hahn Banach theorem (see e.g. [6, Proposition 9.2]) produces a
non-zero contractive K0-linear map from E⊗ˆ
u
ZK
0 = E⊗ˆ
u
K0K
0 (see Lemma 2.3(b))
to K0 and its composition with the canonical map from E to E⊗ˆ
u
ZK
0 gives a
non-zero contractive additive map.
(c) Let F := E⊗ˆ
u
KK and ι : E = E ⊗K K → F be the canonical map.
⇒). The hypothesis implies that ι is injective. As F is an ultrametric K0-Banach
space and K0 is spherically complete, the Hahn Banach theorem gives a contractive
additive map ψ : F → K0 with |ψ(ι(x))| > 0 as required.
⇐). It follows from the argument of (1)⇒ (2) in part (b) that ι is injective, which
is equivalent to ‖ · ‖u∧ being a norm on E ⊗K K. 
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By part (b) above, E⊗ˆ
u
KK 6= (0) when E admits a linearly independent subset
{ei}i∈I with its linear span being norm-dense in E such that there is κ > 0 with∥∥∥∥∥
n∑
k=1
λkeik
∥∥∥∥∥ ≥ κ · maxk=1,...,n |λk| (2.3)
for any λ1, ..., λn ∈ K and any distinct elements i1, ..., in in I. In particular,
E⊗ˆ
u
KK 6= (0) when E is finite dimensional.
One may use projective tensor product to give a description for Banach subrings
of Banach algebras.
Proposition 2.5. We say that a unital Banach ring R is regular if ‖m · a‖ =
‖m · 1‖ ‖a‖ for any m ∈ Z and a ∈ R.
(a) R is regular if and only if there exists KR ∈ Kmin such that the canonical map
ΨR ∈ C(R;R⊗ˆZKR) is an isometry.
(b) Suppose that R is ultrametric. Then R is regular if and only if there is KR ∈
K
u,min such that the canonical map ΦR ∈ C(R;R⊗ˆ
u
ZKR) is an isometry.
Proof: The sufficiencies of both parts (a) and (b) are clear. Assume that R is
regular and let ϕR : Z→ R be the map ϕR(m) := m · 1.
Suppose that the subring ϕR(Z) is finite. Then ϕR(Z) is isomorphic to Z/nZ for
some n ∈ N. As k 7→ ‖k · 1‖ induces a multiplicative norm on Z/nZ, we know that
n ∈ P and R is a unital Z(n)-Banach algebra. If we take KR := Z(n), then Lemma
2.2(c) tells us that id ⊗ ϕR induces a surjection in C(R⊗ˆZKR;R) (respectively,
C(R⊗ˆ
u
ZKR;R)) and hence the map ΨR (respectively, ΦR) is a bijective isometry
(respectively, when R is ultrametric).
In the following, we consider the case when ϕR(Z) is infinite, i.e. ϕR is injective.
The norm on Z induced by ϕR produces a multiplicative norm on Q, and we set
KR ∈ Kmin to be the completion under this norm.
(a) Let us first define a semi-norm ‖ · ‖∗ on R⊗Z Q by
‖z‖∗ := inf
{
l∑
i=1
‖ai‖|ri|KR : l ∈ N; a1, ..., al ∈ R; r1, ..., rl ∈ Q; z =
l∑
i=1
ai ⊗ ri
}
,
and let A be the completion of R ⊗Z Q/ ker ‖ · ‖∗. For any b ∈ R and ǫ > 0,
there exists a1, ..., al ∈ R and r1, ..., rl ∈ Q such that b ⊗ 1 =
∑l
i=1 ai ⊗ ri and∑l
i=1 ‖ai‖|ri|KR ≤ ‖b⊗ 1‖∗ + ǫ. Suppose that ri = mi/ni with mi ∈ Z and ni ∈ N
(i = 1, ..., l). Since R is regular and ϕR is injective, R is a torson-free Z-module.
Thus, n1 · · ·nlb =
∑l
i=1miai. This, together with the regularity of R, gives
‖b‖ ≤
l∑
i=1
‖mi · 1‖ ‖ai‖/‖ni · 1‖ =
l∑
i=1
‖ai‖ |ri|KR ≤ ‖b⊗ 1‖∗ + ǫ, (2.4)
which shows that ‖b⊗1‖∗ = ‖b‖. Thus, b 7→ b⊗1 induces an isometry ΨR ∈ C(R;A).
As ‖1 ⊗ r‖∗ ≤ |r|KR (r ∈ Q), the map r 7→ 1 ⊗ r extends to an element in
ΨKR ∈ C(KR;A). By Lemma 2.2(c), there exists Ψ ∈ C(R⊗ˆZKR;A) such that
Ψ(b ⊗ s) = ΨR(b)ΨKR(s). Consequently, ‖b‖ = ‖ΨR(b)‖ = ‖Ψ(b ⊗ 1)‖ ≤ ‖b ⊗ 1‖∧
as required.
(b) This follows from a similar argument as part (a). 
Example 2.6. Let Z1 be the ring Z equipped with the Euclidean norm.
(a) One may use Lemma 2.2(c) to verify that R1⊗ˆZZ1 ∼= R1. However, one has
R1⊗ˆ
u
ZZ1 = (0), since ‖x⊗ 1‖
u
∧ is as given in (2.2), for any x ∈ R.
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(b) By Lemma 2.3(a), we know that Q1p⊗ˆZR1 = (0) (note that the image of Z in
Q1p is bounded while its image in R1 is unbounded).
(c) If K and L are (respectively, non-Archimedean) complete valuation fields with
L being an extension of K, then K⊗ˆKL ∼= L (resepectively, K⊗ˆ
u
KL
∼= L).
(d) Let R be a unital ultrametric Banach ring and K ∈ Kmin with characteristic
zero. Note that any element in R⊗Z Q is of the form x⊗ 1n (x ∈ R;n ∈ N). Set∥∥∥∥x⊗ 1n
∥∥∥∥ := inf
{
‖y‖R
|m|K
: y ∈ R;m ∈ N with kmx = kny for some k ∈ Z \ {0}
}
.
It is not hard to check that ‖x⊗ 1n‖ = inf{max
n
i=1 ‖xi‖R|ri|K : xi ∈ R; ri ∈ Q;x⊗
1
n =
∑n
i=1 xi ⊗ ri}. If, in addition, R is regular, then R⊗ˆ
u
ZK is the completion
of R ⊗Z Q under the above norm (see the proof of Proposition 2.5), and we have
R⊗ˆ
u
ZK = (0) when K 6= KR (note that ‖n · 1⊗
1
n‖ =
|n|KR
|n|K
because R is regular).
In the remainder of this section, we recall some facts concerning commutative
rings. Until the end of this section, T is a unital commutative ring. We set
M0(T ) :=
{
λ : λ is a non-zero multiplicative semi-norm on T
}
.
Consider TT to be the topology on M
0(T ) given by pointwise convergences on
elements of T .
If R is a commutative unital Banach ring, we denote, as in the literature,
A1R :=
{
λ ∈M0(R[t]) : λ(x) ≤ ‖x‖, for every x ∈ R
}
and call it the one-dimensional affine analytic space over R. Note that
A1Z1 = M
0(Z[t]).
Furthermore, if R is ultrametric, then elements in A1R are ultrametric (see Lemma
2.1(c)). In particular, A1Z0 consists of all ultrametric semi-norms in A
1
Z1
, where Z0
is the ring Z equipped with the trivial valuation.
As in [1], when T is a Banach ring, we denote by M(T ) ⊆ M0(T ) the subset
consisting of contractive semi-norms. The following proposition contains some well-
known facts concerning M0(T ) (see Theorem 1.2.1 and Remark 1.2.2(i) of [1]).
Proposition 2.7. Let T be a commutative unital ring and λ ∈M0(T ).
(a) There is a complete valuation field H(λ) and a unital ring homomorphism
ϕλ : T → H(λ) such that H(λ) is generated by ϕλ(T ) as a complete valuation
field and λ(r) = |ϕλ(r)| (r ∈ T ). Moreover, (H(λ), ϕλ) is unique up to isometric
isomorphism.
(b) If, in addition, T is a Banach ring, then M(T ) is a non-empty compact Haus-
dorff space.
[This proof will not appear in the published version.]
Proof: (a) As kerλ is a prime ideal of T , the quotient T/ kerλ is an integral
domain. We denote by F its field of quotients. Since λ induces a multiplicative
norm on T/ kerλ, it induces a valuation on F . We denote by H(λ) its completion
and by ϕλ the canonical embedding. The uniqueness of (H(λ), ϕλ) is clear.
(b) This is precisely [1, Theorem 1.2.1]. 
Let us also present the following example. Notice that parts (a) and (b) are
adapted from [1, Remark 2.2.2].
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Example 2.8. Consider M ∈ N and pick any p1, ...,pm,q1, ...,qm ∈ Z[t] as
well as υ1, ..., υm, ω1, ..., ωm > 0. If R is a unital Banach ring, we denote by
R〈υ−11 t1, ω1t2, ..., υ
−1
m t2m−1, ωmt2m〉 the Banach ring of formal power series sat-
isfying certain norm summability properties as in [1, Example 1.1.1(v)]. In the
case when R is ultrametric, we denote by R{υ−11 t1, ω1t2, ..., υ
−1
m t2m−1, ωmt2m} the
Banach ring of formal power series satisfying certain norm convergence properties
as in [1, §2.1].
(a) Let Z1 be as in Example 2.6. SinceM ≥ 1, the Banach ring Z1〈M−1t〉 coincides
with Z[t] as unital rings and
M(Z1〈M
−1t〉) = {γ ∈ A1Z1 : γ(t) ≤M}. (2.5)
Let us denote by Z1〈M−1t〉υ−1p,ωq−1 the quotient of the unital Banach ring
Z1〈M−1t〉〈υ
−1
1 t1, ω1t2, ..., υ
−1
m t2m−1, ωmt2m〉 under the closed ideal generated by
{t2i−1 − pi}i∈{1,...,m} ∪ {qjt2j − 1}j∈{1,...,m}. The canonical map τ : Z1〈M−1t〉 →
Z1〈M−1t〉υ−1p,ωq−1 induces a homeomorphism from M(Z1〈M−1t〉υ−1p,ωq−1) onto{
λ ∈ A1Z1 : λ(t) ≤M ;λ(pi) ≤ υi, λ(qi) ≥ ωi for 1 ≤ i ≤ m
}
.
(b) Let Z0 be as in the second paragraph after Example 2.6. As in part (a),
Z0{M−1t} coincides with Z[t] as rings and
M(Z0{M
−1t}) = {γ ∈ A1Z0 : γ(t) ≤M}.
Suppose that Z0{M−1t}υ−1p,ωq−1 is the quotient of the ultrametric Banach ring
Z0{M−1t}{υ
−1
1 t1, ω1t2, ..., υ
−1
m t2m−1, ωmt2m} under the closed ideal generated by
{t2i−1−pi}i∈{1,...,m}∪{qjt2j−1}j∈{1,...,n}. The canonical map τ
u : Z0{M−1t} →
Z0{M−1t}υ−1p,ωq−1 induces a homeomorphism from M(Z0{M
−1t}υ−1p,ωq−1) onto{
λ ∈ A1Z0 : λ(t) ≤M ;λ(pi) ≤ υi, λ(qi) ≥ ωi for 1 ≤ i ≤ m
}
.
(c) Let λ ∈ M(Z1〈M−1t〉). There exist sequence {pi}i∈N and {qi}i∈N in Z[t] as
well as sequences {υi}i∈N and {ωi}i∈N in (0,∞) satisfying the following conditions:
1). if λ(pi) > 0, then one has qi = pi and ωi < λ(pi) < υi;
2). if λ(pi) = 0, then one has qi = 1, ωi = 1/2 and λ(pi) < υi;
3). for any p ∈ Z[t] and ǫ > 0, there is i ∈ N with pi = p, υi ≤ λ(p) + ǫ and
ωi ≥ λ(p) − ǫ.
Let T := Z1〈M−1t〉〈υ
−1
1 t1, ω1t2, υ
−1
2 t3, ω2t4, ...〉 (which is defined in a similar way
as the Banach ring in [1, Example 1.1.1(v)]), and I be the closed ideal generated
by {t2i−1 − pi}i∈N ∪ {qjt2j − 1}j∈N. Then T/I ∼= H(λ). A similar fact holds for
λ ∈M(Z{M−1t}).
(d) If Γ is a (discrete) abelian group, ℓ1(Γ;C) is the unital Banach ring of absolutely
summable complex functions on Γ and Γˆ is the dual (compact) group of Γ, then
M(ℓ1(Γ;C)) = Γˆ/ ∼cong, where f ∼cong g if and only if f(t) ∈ {g(t), g(t)} (t ∈ Γ).
We end this preliminary section with the following well-known proposition. We
give a brief account here for the sake of completeness.
Proposition 2.9. A1Z1 is a second countable locally compact Hausdorff space under
the topology TZ[t] and A1Z0 is a closed subset of A
1
Z1
. Moreover, for any M ∈ N, the
subset {λ ∈ A1Z1 : λ(t) ≤M} is compact.
Proof: The compactness of {λ ∈ A1Z1 : λ(t) ≤ M} and the local compactness of
A1Z1 follows from Relation (2.5), Proposition 2.7(b) as well as
A1Z1 =
⋃
N∈N
{λ ∈ A1Z1 : λ(t) < N}.
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The second countability follows from the fact that for any λ ∈ A1Z1 , the collection
of subsets of the form
Uυ−1p,ωq−1 :=
{
γ ∈ A1Z1 : γ(pi) < υi, γ(qi) > ωi for 1 ≤ i ≤ m} (2.6)
(where p1, ...,pm,q1, ...,qm ∈ Z[t] and υ1, ..., υm, ω1, ..., ωm ∈ Q+ \ {0}) is a base
of open neighborhoods of for the topology TZ[t] (see e.g. [1, Remark 2.2.2]). The
closedness of A1Z0 follows from Lemma 2.1(c).

3. The universal space of scalars
From now on, α is an infinite cardinal and K (respectively, Ku) is the set of all
complete valuation fields (respectively, non-Archimedean complete valuation fields)
with cardinality not exceeding 2α.
If K1,K2 ∈ K and si ∈ Ki (i = 1, 2), we define (K1, s1) ∼ (K2, s2) whenever
there exist K ∈ K, s ∈ K as well as ϕi ∈ C(K;Ki) with ϕi(s) = si (i = 1, 2). As
ϕ1 and ϕ2 are isometric (by Lemma 2.1(a)), ∼ is an equivalence relation on the
disjoint union of all elements in K. We denote by (K1, s1)∼ the equivalence class
containing (K1, s1) and by K˜ the set of all equivalence classes. Observe that if K1
is non-Archimedean, then so is K2 and we denote by K˜u the subset of K˜ consisting
of equivalence class of elements in non-Archimedean fields. Moreover, we set µL to
be the map from L ∈ K to K˜ that sends r ∈ L to (L, r)∼. Clearly, if K ∈ K is an
extension of L, then µK(r) = µL(r).
Consider Lr to be the closed subfield of L generated by r ∈ L. In particular, L0 =
L1 is the smallest closed subfield of L. Observe that (L, r) ∼ (Lr, r). Moreover,
(K1, s1) ∼ (K2, s2) if and only if there is ϕ ∈ C(K
s1
1 ;K
s2
2 ) with ϕ(s1) = s2.
Suppose that L ∈ K is singly generated and GL is the set of generators of L. For
any r, s ∈ GL, one has (L, r) ∼ (L, s) if and only if there is ϕ ∈ Aut(L) such that
s = ϕ(r). Therefore, µL induces an injection from GL/Aut(L) to K˜. Moreover,
K˜ is the union of images of GL/Aut(L), when L runs through all singly generated
fields.
Remark 3.1. (a) Suppose that (K1, s1) ∼ (K2, s2). If K, s, ϕ1 and ϕ2 are as
in the above, then for any p ∈ Z[t], one has ϕi(p(s)) = p(si) (i = 1, 2) and
|p(s1)|K1 = |p(s)|K = |p(s2)|K2 . Therefore, any (L, r)∼ ∈ K˜ induces an element
λ(L,r)∼ in A
1
Z1
with
λ(L,r)∼(p) := |p(r)|L (p ∈ Z[t]).
Notice that if L ∈ Ku, then λ(L,r)∼(p) ∈ A
1
Z0
.
(b) For any (K, s)∼ ∈ K˜, it is easy to see that the field H(λ(K,s)∼) as in Propo-
sition 2.7(a) is the unique complete valuation field with a generator r such that(
H(λs˜), r
)
∼ (K, s) (actually, r = ϕλ(K,s)∼ (t)). Thus, one may find a surjective
isometry Φ ∈ C
(
H(λs˜);K
s
)
with Φ
(
ϕλ(K,s)∼ (t)
)
= s.
(c) For the sake of simplicity, we will sometimes denote (K, s)∼ by s˜.
The following proposition could be known but since we do not find it in the
literature, we present a proof here.
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Proposition 3.2. (a) The map Θ : s˜ 7→ λs˜ is a bijection from K˜ onto A1Z1 such
that Θ
(
K˜u
)
= A1Z0 .
(b) Θ ◦ µK is continuous for any K ∈ K.
(c) If K ∈ Kmin, then Θ ◦ µK : K → Θ(µK(K)) is a homeomorphism.
(d) µK(K) is a closed subset of K˜ when K ∈ Kmin \ {Q0}.
Proof: (a) Suppose that (K1, s1)∼, (K2, s2)∼ ∈ K˜ with λ(K1,s1)∼ = λ(K2,s2)∼ . For
each p ∈ Z[t], one has |p(s1)|K1 = |p(s2)|K2 . Hence, if p,q,p
′,q′ ∈ Z[t] satisfying
p(s1) 6= 0, q(s1) 6= 0 and p′(s1)p(s1)−1 = q′(s1)q(s1)−1, then p(s2) 6= 0, q(s2) 6= 0
and (p′q − q′p)(s2) = 0. This gives a well-defined isometric ring homomorphism
from the (not necessarily closed) subfield of K1 generated by s1 to K
s2
2 that sends
p′(s1)p(s1)
−1 to p′(s2)p(s2)
−1. It extends to an isometry ϕ ∈ C(Ks11 ;K
s2
2 ). In
particular, (K1, s1) ∼ (K2, s2). Hence, Θ is injective.
To show the surjectivity, we consider λ ∈ A1Z1 and let (H(λ), ϕλ) be as in Propo-
sition 2.7(a). It is not hard to see that λ = Θ
(
(H(λ), ϕλ(t))∼
)
. Finally, it is easy
to verify that Θ
(
K˜u
)
= A1Z0 .
(b) This part is clear.
(c) To simplify the notation, we will ignore Θ and identify K˜ with A1Z1 directly. If
(K, r) ∼ (K, s), then the minimality of K implies that Kr = K = Ks, and Lemma
2.1(b) gives r = s. This shows that µK is injective. Next, we show that if {si}i∈N
is a sequence in K and s ∈ K with µK(si)→ µK(s), then |si − s|K → 0.
Let us first consider the case when K ∈ KminR or K ∈ K
min
Qp
for some p ∈ P. Then
any closed and bounded subset of K is compact. For every δ > 0, we set
Cδ := {r ∈ K : |r|K ≤ δ + 1}.
Since |si|K → |s|K (by considering t ∈ Z[t]), we may assume that si ∈ C|s|K for all
i ∈ N. The compactness of C|s|K tells us that µK |C|s|K is a homeomorphism, and
hence si → s.
Secondly, if K = Z(p) for some p ∈ P, then K is compact and the conclusion
follows.
Finally, we consider the case when K = Q0. For any r ∈ Q, one has
µK(r)(p) =
{
0 if r is a zero of p
1 otherwise
(p ∈ Z[t]). (3.1)
Suppose that s = m/n, where m ∈ Z and n ∈ N. Set p0 := nt−m ∈ Z[t]. The fact
that µK(si)(p0)→ µK(s)(p0) implies that p0(si) = 0 (or equivalently, si = m/n),
when i is large enough.
(d) Let {si}i∈N be a sequence in K. Suppose that L ∈ K and r ∈ L satisfying
µK(si) → µL(r). As in the argument of part (d), we may assume that si ∈ C|r|L
for all i ∈ N. The compactness of C|r|L (as K 6= Q0) produces a subsequence
{sij}j∈N that converges to some s ∈ K. Thus, (L, r)∼ = (K, s)∼ ∈ µK(K) by the
continuity of µK . 
The above tells us that K˜ and K˜u are independent of the infinite cardinal α.
We will identify K˜ (respectively, K˜u) with the topological space A1Z1 (respectively,
A1Z0) directly through Proposition 3.2(a) (i.e. ignore Θ). For any λ ∈ A
1
Z1
, we set
|λ| := λ(t) as well as
(A1Z1)M := {λ ∈ A
1
Z1
: |λ| ≤M} and (A1Z0)M := {λ ∈ A
1
Z0
: |λ| ≤M} (M ≥ 0).
(3.2)
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As stated in Proposition 2.9, these two are compact sets. Moreover, if λ = λ(K,s)∼ ,
then obviously, |λ| = |s|K .
Remark 3.3. (a) The compact set (A1Z1)1 contains the equivalence classes of all
elements in all fields equipped with the trivial valuations.
(b) By the argument of Proposition 2.9 and Example 2.8(a), for every M ∈ N and
λ ∈ A1Z1 with λ(t) < M , the collection of subsets of the form M(Z1〈M
−1t〉υ−1p,ωq−1)
containing λ is a compact neighborhood base for λ.
Since Q0 is an infinite discrete subset of the compact subset (A1Z1)1, Q0 is not
closed in A1Z1 , i.e. Proposition 3.2(d) fails in the case when K = Q0. We will see in
part (a) of the following an unusual cluster point of Q0 in A1Z1 .
Example 3.4. (a) Let Z(t) be the field of quotients of the integral domain Z[t].
We equip Z(t) with the trivial valuation. Suppose that {ri}i∈N is a sequence in Q0
such that ri 6= rj when i 6= j. Since |p(ri)|Q0 → 1 for any p ∈ Z[t] \ {0}, we know
that (Q0, ri)∼ → (Z(t), t)∼ in A1Z1 .
(b) Consider C1 to be the field C equipped with the Euclidean valuation | · |1. One
may identify µC1(C1) with the upper half plane H, under which µC1 is the map
QH : C1 → H given by QH(s) :=
{
s if s ∈ H
s¯ otherwise.
In fact, since the set GC of generators of C1 equals C\R and C(C1;C1) = {id; c},
where c is the complex conjugation, we see that µC1(r) = µC1(s) if and only if r ∈
{s, s¯} (see the discussion preceding Remark 3.1). Thus, µC1 induces a continuous
bijection µˇC1 : H→ µC1(C1) with µˇC1(QH(s)) = µC1(s).
Now, suppose that {si}i∈N is a sequence in H and s ∈ H such that µˇC1(si) →
µˇC1(s). One may assume that every si (i ∈ N) lies in the set C|s|1 := {r ∈ H :
|r|1 ≤ |s|1 + 1}. As C|s|1 is compact and µˇC1 is a continuous injection, we know
that si → s.
(c) For any s ∈ C, we set Z[t]s := {p ∈ Z[t] : p(s) = 0}. If r, s ∈ C, we define
r ∼0 s if Z[t]r = Z[t]s. It is easy to see that µC0 induces an injection from C/ ∼0
to A1Z1 . If {si}i∈I is a net in C and s ∈ C, then µC0(si) → µC0(s) if and only if
limi Z[t]sj = Z[t]s, namely,⋂
i∈I
⋃
j≥i
Z[t]sj ⊆ Z[t]s ⊆
⋃
i∈I
⋂
j≥i
Z[t]sj .
In the remainder of this section, we will give a complete description of the topo-
logical subspace:
A1,minZ1 :=
⋃
K∈Kmin
µK(K).
Lemma 3.5. (a) µQ0(Q0) is closed in A
1,min
Z1
.
(b) For any K,L ∈ Kmin with K 6= L, one has µK(K) ∩ µL(L) = ∅.
(c)
⋃
υ∈(0,1] µRυ(Rυ)
∼= (0, 1] × R1 as topological spaces and is an open subset of
A1,minZ1 with its closure in A
1,min
Z1
being µQ0(Q0) ∪
⋃
υ∈(0,1] µRυ (Rυ).
(d) For each q ∈ P, the subset
⋃
ω∈(0,∞) µQωq (Q
ω
q ) is open in A
1,min
Z1
and is homeo-
morphic to (0,∞)×Q1q.
(e) If q ∈ P, the subset µZ(q)(Z(q)) is contained in the closure of
⋃
ω∈(0,∞) µQωq (Q
ω
q ).
(f) µQ0(Q0) is contained in the closure of
⋃
p∈P µQ1p(Q
1
p).
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(g) The closure of
⋃
p∈P
⋃
ω∈(0,∞) µQωp (Q
ω
p ) in A
1,min
Z1
equals
A1,minZ0 := µQ0(Q0) ∪
⋃
p∈P
µZ(p)(Z(p)) ∪
⋃
p∈P
⋃
ω∈(0,∞)
µQωp (Q
ω
p ).
(h) For each q ∈ P, the set µQ0(Q0) is contained in the closure of
⋃
ω∈(0,∞) µQωq (Q
ω
q ).
Proof: (a) Suppose that {ri}i∈N is a sequence in Q0 and there exist K ∈ Kmin
as well as s ∈ K with µQ0(ri) → µK(s). For any n ∈ Z ⊆ Z[t], we know that
µQ0(ri)(n) = |n|Q0 , and hence |n|K = |n|Q0 . Now, we conclude from the minimality
of K that K = Q0.
(b) Suppose that there exist r ∈ K and s ∈ L with (K, r) ∼ (L, s). The minimality
of K and L gives a bijection ϕ ∈ C(K;L) such that ϕ(r) = s, and we have a
contradiction that K = L.
(c) Let us first show that the complement of
⋃
K∈Kmin
R
µK(K) is closed in A
1,min
Z1
.
Suppose that {Li}i∈N is a sequence in Kmin \KminR , si ∈ Li (i ∈ N), K ∈ K
min and
r ∈ K such that µLi(si)→ µK(r). Then, for any n ∈ Z, one has |n|K = µK(r)(n) =
limi |n|Li ≤ 1, which implies that K is non-Archimedean. Consequently, K /∈ K
min
R .
Next, we prove that µQ0(Q0) ∪
⋃
K∈Kmin
R
µK(K) is closed in A
1,min
Z1
. Suppose
that {Ki}i∈N is a sequence in KminR ∪ {Q0}, ri ∈ Ki (i ∈ N), L ∈ K
min and
s ∈ L such that µKi(ri) → µL(s). Again, we have |n|Ki → |n|L (n ∈ Z). Since
Ki ∈ KminR ∪ {Q0}, there is υi ∈ [0, 1] such that |r|Ki = |r|
υi
1 (r ∈ Ki) (and we
identify Ki ⊆ R directly). Furthermore, as {υi}i∈N is a sequence in [0, 1], it has
a subsequence {υij}j∈N that converges to some υ ∈ [0, 1]. Thus, |n|Kij → |n|
υ
1 ,
which implies that |n|L = |n|υ1 (n ∈ Z). This, and the minimality of L, tells us that
L ∈ KminR ∪ {Q0}.
We now verify that
⋃
K∈Kmin
R
µK(K) is dense in µQ0(Q0) ∪
⋃
K∈Kmin
R
µK(K).
Suppose that r ∈ Q. For each n ∈ N, take rn = r ∈ R. Then µR1/n(rn)(p) =
|p(r)|
1/n
1 → |p(r)|
0
1 = µQ0(r)(p) (p ∈ Z[t]), i.e. µR1/n(rn)→ µQ0(r) as required.
Finally, we will verify that the canonical map Φ : (0, 1]× R→
⋃
υ∈(0,1] µRυ(Rυ)
that sends (υ, t) to µRυ(t) ∈ µRυ (Rυ) is a homeomorphism.
In fact, Φ is bijective because of part (b) as well as Proposition 3.2(c). Let
(υ, t) ∈ (0, 1] × R1 and {(υi, ti)}i∈N be a sequence in (0, 1] × R1. If υi → υ and
ti → t, then Φ(υi, ti)(p) = |p(ti)|
υi
1 → |p(t)|
υ
1 = Φ(υ, t)(p) (p ∈ Z[t]). Conversely,
suppose that Φ(υi, ti) → Φ(υ, t). Then 2υi = |2|
υi
1 → 2
υ (as 2 ∈ Z ⊆ Z[t]) and
we have υi → υ. Moreover, we have |ti|
υi
1 → |t|
υ
1 (by considering t ∈ Z[t]), which
implies that υi ln(|ti|1)→ υ ln(|t|1) (we take ln 0 = −∞ as usual). Thus, |ti|1 → |t|1.
Therefore, one can find N ∈ N such that 1N < υ and (υi, ti) ∈ [υ −
1
N , 1]× {r ∈ R :
|r|1 ≤ N}. As the restriction of Φ on the compact set [υ−
1
N , 1]×{r ∈ R : |r|1 ≤ N}
is a homeomorphism, we know that (υi, ti)→ (υ, t) as required.
(d) We first show that
⋃
p∈P
⋃
K∈Kmin
Qp
µK(K) is open in A
1,min
Z1
. Suppose on the
contrary that this set is not open. As
⋃
p∈P µZ(p)(Z(p)) ∪
⋃
p∈P
⋃
K∈Kmin
Qp
µK(K) is
open in A1,minZ1 (by part (c)), there exist q ∈ P, ω ∈ (0,∞), s ∈ Q
ω
q , a sequence
{pi}i∈N in P as well as ri ∈ Z(pi) (i ∈ N) such that µZ(pi)(ri) → µQωq (s). Observe
that if ni ∈ Z with ri being the image of ni, then
µZ(pi)(ri)(p) =
{
0 if pi divides p(ni)
1 otherwise,
(p ∈ Z[t]). (3.3)
However, this contradicts the fact that {|p(s)|ωq : p ∈ Z[t]} * {0, 1} (actually,
{|n|ωq : n ∈ Z} * {0, 1}).
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In order to verify the openness of
⋃
ω∈(0,∞) µQωq (Q
ω
q ), let us suppose that ω ∈
(0,∞) and s ∈ Qωq such that there exist a sequence {(qi, ωi)}i∈N in P × (0,∞)
as well as si ∈ Qωiqi (i ∈ N) with µQωiqi (si) → µQ
ω
q
(s). As q ∈ Z ⊆ Z[t], one has
|q|ωiqi → |q|
ω
q = q
−ω. However, since |q|ωiqi = 1 when qi 6= q, we know that qi = q
when i is large enough. Consequently,
⋃
ω∈(0,∞) µQωq (Q
ω
q ) is open in A
1,min
Z1
.
To show the second claim, let us consider the canonical map Ψq : (0,∞)×Q1q →⋃
ω∈(0,∞) µQωq (Q
ω
q ) sending (ω, s) to µQωq (s) ∈ µQωq (Q
ω
q ). As in part (c), the map Ψq
is continuous and bijective. Suppose that {(ωi, si)}i∈N is a sequence in (0,∞)×Qq
such that Ψq(ωi, si)→ Ψq(ω, s). From q−ωi = |q|ωiq → q
−ω, we know that ωi → ω.
This, together with |si|
ωi
q → |s|
ω
q , implies that |si|q → |s|q. Therefore, the same
compactness argument as in part (c) tells us that (ωi, si)→ (ω, s).
(e) For any s ∈ Z(q), there is n ∈ Z with s being the image n¯ of n. We claim
that µQωiq (n) → µZ(q)(s) if ωi → ∞. In fact, for any p ∈ Z[t], one knows that
|p(n)|ωiq → 0 when q divides p(n) (in this case, |p(n)|q < 1) and |p(n)|
ωi
q = 1
(i ∈ N) when q does not divides p(n). The conclusion now follows from (3.3).
(f) Consider {pi}i∈N to be a sequence in P with pi → ∞. For any r ∈ Q, we set
ri := r ∈ Qpi (i ∈ N). Clearly, when p ∈ Z[t], one has |p(ri)|pi = 0 if p(r) = 0
and |p(ri)|pi → 1 if p(r) 6= 0 (as the numerator and denominator of p(r) have only
finite numbers of prime factors). By (3.1), one has µQ1pi
(ri)→ µQ0(r) as required.
(g) This follows from parts (c), (e) and (f).
(h) If r ∈ Q and p ∈ Z[t], then |p(r)|1/nq → 1 when p(r) 6= 0. Thus, (3.1) tells us
that µ
Q
1/n
q
(r)→ µQ0(r). 
To simply the notation, if K is a minimal field, we may ignore µK and identify
K with its homeomorphic image in A1,minZ1 , although this may occasionally cause
ambiguity.
As in the paragraph following Remark 3.3, Q0 is not closed in A1Z1 . Thus, the
closedness of Q0 in A
1,min
Z1
(as established in Lemma 3.5(a)) will prevent A1,minZ1 to
be closed in A1Z1 .
The following example gives a complete picture of (A1Z1)0 = {λ ∈ A
1
Z1
: |λ| = 0}.
Example 3.6. For any p ∈ P, υ ∈ (0, 1] and ω ∈ (0,∞), we set 0Q, 0υR, 0
ω
p and 0
∞
p
to be the zeros of Q0, Rυ, Qωp and Z(p), respectively. By Lemma 3.5(b), these zeros
are all distinct elements in A1,minZ1 . We denote L := {0
υ
R : υ ∈ (0, 1]}, S := {0
ω
p :
p ∈ P;ω ∈ (0,∞)} and D := {0∞p : p ∈ P}. Since (K, 0) ∼ (K
0, 0) when K ∈ K
and K0 is the smallest closed subfield of K, one knows (A1Z1)0 = L∪ S ∪D ∪ {0Q}.
On the other hand, it is well-known that there is a bijection from Kmin to M(Z1)
sending K to λK , where λK(m) = |m|K (m ∈ Z). It is easy to check that the induced
map from (A1Z1)0 to M(Z1) (via Lemma 3.5(b)) is a homeomorphism. Thus, (A
1
Z1
)0
can be identified with following compact subset of R2:
0υR0
1
R 0Q
0ωq3
0∞q3
· · ·
0ωq2
0∞q2
0ωq1
0∞q1
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where P = {q1, q2, q3, · · · } with qj being arranged in the increasing order. One can
also obtain the above by using the discussion as in Lemma 3.5.
Let us give a clearer description of the convergences of sequences in S to 0Q. By
the definition, the collection of sets
{0Q} ∪
{
0ωp ∈ S : 1− ǫ < |k|
ω
p
}
(k ∈ N; ǫ ∈ (0, 1))
forms a neighborhood base for 0Q in {0Q} ∪ S. On the other hand, if we set Pk :=
{p ∈ P : p ≤ k}, then the collection of sets of the form
{0Q} ∪
{
0ωp ∈ S : ω ∈ (0,∞); p ∈ P \ Pk
}
∪
⋃
p∈Pk
{
0ωp ∈ S : 1− ǫ < p
−kω
}
(3.4)
for arbitrary k ∈ N and ǫ ∈ (0, 1) also forms a neigborhood base. In fact, the set in
(3.4) is clearly contained in {0Q} ∪
{
0ωp ∈ S : 1 − ǫ < |k|
ω
p
}
(note that if pl divides
k, then l ≤ k). Conversely, if we put Nk :=
∏
q∈Pk
qk, then p divides Nk if and
only if p ∈ Pk. Moreover, |Nk|p = p−k when p ∈ Pk. Thus, the set in (3.4) actually
equals {0Q} ∪
{
0ωp ∈ S : 1− ǫ < |Nk|
ω
p
}
.
Hence, if we define ωk,ǫ,p :=
ln(1−ǫ)
−k ln p , then 0
ωi
pi → 0Q if and only if for any k ∈ N
and ǫ > 0, there is i0 ∈ N such that whenever i ≥ i0, either pi > k or ωi < ωk,ǫ,pi .
Notice that the canonical inclusion Z ⊆ Z[t] defines a continuous map
P : A1Z1 = M
0(Z[t])→M0(Z) ∼= M(Z1).
On the other hand, by considering Z as a quotient ring of Z[t] in the canonical way,
one also has a continuous map ι : M0(Z) → M0(Z[t]) with P ◦ ι = idM(Z1). This
gives a “fibration” of A1Z1 over M(Z1). More precisely, A
1
Z1
can be decomposed as:
A1Z1 =
⋃
K∈Kmin
A1,KZ1 ,
where A1,KZ1 := P
−1(µK(0)), i.e.
A1,KZ1 =
⋃
{µL(t) : K is the smallest closed subfield of L; t ∈ L}.
In particular, A1,Q0Z1 (respectively, A
1,Z(p)
Z1
) is the images of all elements in all fields
with characteristic zero (respectively, characteristic p ∈ P), equipped with the triv-
ial valuations. Note also that A1,Q0Z1 and A
1,Z(p)
Z1
(p ∈ P) are closed subsets of the
compact space (A1Z0)1. Furthermore,
A1Z0 = A
1,Q0
Z1
∪
⋃
p∈P
A1,Z(p)Z1 ∪
⋃
p∈P
⋃
ω∈(0,∞)
A
1,Qωp
Z1
.
The following proposition follows from Lemma 3.5 and its argument.
Proposition 3.7. (a) Let q ∈ P. Both
⋃
υ∈(0,1]A
1,Rυ
Z1
and
⋃
ω∈(0,∞)A
1,Qωq
Z1
are open
subsets of A1Z1 and the intersection of their closures is a subset of A
1,Q0
Z1
. Moreover,
the closure of
⋃
υ∈(0,1]A
1,Rυ
Z1
is contained in A1,Q0Z1 ∪
⋃
υ∈(0,1]A
1,Rυ
Z1
.
(b)
⋃
υ∈(0,1]A
1,Rυ
Z1
∼= (0, 1]×H as topological spaces.
[This proof will not appear in the published version.]
Proof: (a) This follows directly from parts (c), (d) and (h) of Lemma 3.5.
(b) Let Cυ be the field C equipped with the valuation |c|Cυ = |c|
υ
1 (c ∈ C). It is well-
known that the only non-trivial valuation field extension of Rυ is Cυ. Moreover,
since P(s) = 0υR for any s ∈ Cυ, we know that the images of all such µCυ(Cυ)
with different υ are disjoint. As in Example 3.4(b), there is a homeomorphism
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ϕυ : H → µCυ(Cυ) such that µCυ = ϕυ ◦ QH. This produces a bijection Ψ :
(0, 1]× H→
⋃
υ∈(0,1]A
1,Rυ
Z1
with Ψ(υ,QH(c)) = µCυ (c). It is not not to see that Ψ
is continuous and it follows from a similar argument as that of Lemma 3.5(c) that
Ψ is a homeomorphism. 
Let us end this section by giving the following clear and complete picture of
A1,minZ1 . Since its argument is tedious and lengthy, we will not include it in the
published version (please see the arXiv version of the article for details).
Theorem 3.8. Let q ∈ P, m ∈ Z and n ∈ N with m and n being relatively prime.
Let Φq : Z→ Z(q) be the quotient map. If q does not divide n, we consider [mn ]q to
be the element in Z(q) satisfying Φq(n)[mn ]q = Φq(m).
(a) A1,minZ1 =
⋃
υ∈(0,1]Rυ ∪ Q0 ∪
⋃
p∈P Z(p) ∪
⋃
p∈P
⋃
ω∈(0,∞)Q
ω
p is a fiber space
over (A1Z1)0 with the fibers over 0
υ
R, 0Q, 0
ω
p and 0
∞
p being the topological spaces R1,
Q0, Q1p and Z(p), respectively. Moreover, the fiber topologies on
⋃
υ∈(0,1] Rυ and⋃
ω∈(0,∞)Q
ω
q (q ∈ P) are the product topologies.
(b) The subsets
⋃
υ∈(0,1]Rυ,
⋃
ω∈(0,∞)Q
ω
q and Z(q) ∪
⋃
ω∈(0,∞)Q
ω
q are open in
A1,minZ1 .
(c) The topologies on Q0 and
⋃
p∈P Z(p) are discrete.
(d) Suppose that {(pi, ωi)}i∈N is a sequence in P×(0,∞) and si ∈ Qωipi (i ∈ N). Then
si → Φq(n) inside A
1,min
Z1
if and only if ωi →∞ and there exists i0 ∈ N such that for
any i ≥ i0, one has pi = q as well as si ∈ n+q ·Zq, where Zq := {s ∈ Qq : |s|q ≤ 1}.
(e) Suppose that {(pi, ki)}i∈N is a sequences in P × Z. Then Φpi(ki) →
m
n ∈ Q0
inside A1,minZ1 if and only if pi → ∞ and there is i0 ∈ N with Φpi(ki) = [
m
n ]pi
whenever i ≥ i0.
(f) Suppose that {υi}i∈N is a sequence in (0, 1] and ti ∈ Rυi (i ∈ N). Then ti →
m
n ∈ Q0 inside A
1,min
Z1
if and only if υi → 0 and |ti −
m
n |
υi
1 → 0.
(g) Suppose that {(pi, ωi)}i∈N is a sequence in P × (0,∞) and si ∈ Qωipi (i ∈ N).
Then si →
m
n ∈ Q0 inside A
1,min
Z1
if and only if |k|ωipi → 1 for any k ∈ N and
|si −
m
n |
ωi
pi → 0.
[This proof will not appear in the published version.]
Proof: (a) This part follows from the discussion above (in particular, parts (c)
and (d) of Lemma 3.5).
(b) This follows from parts (c), (d) and (e) of Lemma 3.5 as well as Example 3.6.
(c) This part follows from Proposition 3.2(c).
(d) ⇒). Since 0ωipi = P(si) → P(Φq(n)) = 0
∞
q , Example 3.6 tells us that pi = q
when i is bigger than a certain fixed integer i1 and ωi → ∞. Since |si − n|
ωi
q → 0
(by considering t−n ∈ Z[t]), one can find i0 ≥ i1 such that |si− n|q < 1 whenever
i ≥ i0. Thus, si ∈ n+ q · Zq for any i ≥ i0.
⇐). We may assume that i0 = 1. Notice, first of all that, by using the argument
of Lemma 3.5(e),
|p(n)|ωiq → |p(Φq(n))|Z(q) (p ∈ Z[t]). (3.5)
Let p ∈ Z[t] and ti ∈ q·Zq with si = n+ti. One can findN ∈ N and q1, ...,qN ∈ Z[t]
satisfying
p(n+ ti) = p(n) + tiq1(n) + · · ·+ t
N
i qN (n).
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Since |ti|q ≤ 1/q, we know from (3.5) that |tki qk(n)|
ωi
q = |ti|
kωi
q |qk(n)|
ωi
q → 0
(k = 1, ..., N), and hence∣∣∣∣∣
N∑
k=1
tki qk(n)
∣∣∣∣∣
ωi
q
≤ max
k=1,...,N
|tki qk(n)|
ωi
q → 0.
If q divides p(n), then (3.5) implies that
|p(n+ ti)|
ωi
q ≤ max

|p(n)|ωiq ,
∣∣∣∣∣
N∑
k=1
tki qk(n)
∣∣∣∣∣
ωi
q

 → 0 = |p(Φq(n))|Z(q).
If q does not divide p(n), then (3.5) gives |p(n)|ωiq → 1. Thus, when i is large
enough, one knows that |p(n)|ωiq 6=
∣∣∣∑Nk=1 tki qk(n)∣∣∣ωi
q
and
|p(n+ ti)|
ωi
q = max

|p(n)|ωiq ,
∣∣∣∣∣
N∑
k=1
tki qk(n)
∣∣∣∣∣
ωi
q

 .
This shows that |p(n+ ti)|ωiq → 1 = |p(Φq(n))|Z(q).
(e) ⇒). By considering P, we know that pi →∞. Thus, pi is not a prime factor of
n (and [mn ]pi makes sense) when i is large enough. Since |nΦpi(ki) −m|Z(pi) → 0
(by considering nt−m ∈ Z[t]), we know that Φpi(n)Φpi(ki) = Φpi(m) eventually.
⇐). Take any p ∈ Z[t]. If p(mn ) = 0, then
∣∣p(Φpi(ki))∣∣Z(pi) = 0 for i ≥ i0. If
p(mn ) =
m′
n′ for some m
′ ∈ Z \ {0} and n′ ∈ N with m′ and n′ being relatively
prime, there exists i1 ≥ i0 with pi not being a prime factor of m′ nor n′, and hence∣∣p(Φpi(ki))∣∣Z(pi) = 1, whenever i ≥ i1. Consequently, µZ(pi)(Φpi(ki))→ µQ0(mn ).
(f)⇒). Observe that υi → 0 because P
(
µRυi (ti)
)
→ P
(
µQ0(
m
n )
)
(c.f. the argument
of Lemma 3.5(c)). Moreover, we have
∣∣ti − mn ∣∣υi1 = n−υi |nti − m|υi1 → 0 (as
nt−m ∈ Z[t]).
⇐). Let p ∈ Z[t]. One can find N ∈ N, M ∈ Z and q ∈ Z[t] such that
Np(t) = M + (t−m/n)q(t−m/n)
for any element t in any field of characteristic 0. As
∣∣ti − mn ∣∣υi1 → 0, there is i0 ∈ N
such that
∣∣ti − mn ∣∣1 < 1 whenever i ≥ i0. Therefore, {|q(ti − mn )|1}i∈N is bounded,
and we have (since υi → 0)
N−υi · |ti −m/n|
υi
1 · |q(ti −m/n)|
υi
1 → 0. (3.6)
When p(mn ) = 0, one has p(t) = N
−1(t− mn )q(t −
m
n ), and (3.6) implies that
|p(ti)|
υi
1 → 0 = |p(m/n)|Q0 .
When p(mn ) 6= 0, we have M 6= 0 and
|M/N |υi1 − |N
−1(ti −m/n)q(si −m/n)|
υi
1 ≤ |p(ti)|
υi
1
≤ |M/N |υi1 + |N
−1(ti −m/n)q(ti −m/n)|
υi
1
(note that | · |υi1 is a norm). As |M/N |
υi
1 → 1, (3.6) tells us that
|p(ti)|
υi
1 → 1 = |p(m/n)|Q0 .
(g) ⇒). As 0ωipi = P(si)→ 0Q, we know that |k|
ωi
pi → 1 (k ∈ N ⊆ Z[t]). Moreover,
since |nsi −m|ωipi → 0 (consider nt −m ∈ Z[t]), one concludes that |si −
m
n |
ωi
pi =
|n|−ωipi |nsi −m|
ωi
pi → 0.
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⇐). Let p ∈ Z[t]. One can find N ∈ N, M ∈ Z and q ∈ Z[t] with Np(t) =
M+(t−mn )q(t−
m
n ) for any element t in any field of characteristic 0. If q =
∑M0
l=0 klt
l
(where k0, ..., kM0 ∈ Z), then∣∣(si −m/n)q(si −m/n)∣∣ωipi ≤ maxl=0,...,M0 |kl|ωipi ·
∣∣si −m/n∣∣(l+1)ωipi → 0. (3.7)
Suppose that p(mn ) = 0, i.e., M = 0. Then (3.7) and the hypothesis gives
|p(si)|
ωi
pi = |N |
−ωi
pi · |(si −m/n)q(si −m/n)|
ωi
pi → 0 = |p(m/n)|Q0 .
Suppose that p(mn ) 6= 0, or equivalently, M 6= 0. Then |p(si)|
ωi
pi = |N |
−ωi
pi · |M +
(si − m/n)q(si − m/n)|
ωi
pi . Since |M |
ωi
pi → 1, we know from (3.7) that when i is
large, |M |ωipi 6= |(si −m/n)q(si −m/n)|
ωi
pi , which means that
|p(si)|
ωi
pi = |N |
−ωi
pi ·max
{
|M |ωipi , |(si −m/n)q(si −m/n)|
ωi
pi
}
(as | · |ωipi is an ultrametric norm), which converges to 1 = |p(m/n)|Q0 . 
4. Berkovich spectra of elements in Banach Rings
In this section, R is a unital Banach ring with cardinality dominated by an
infinite cardinal α and a ∈ R. We set
σBerR (a) :=
{
s˜ ∈ K˜ : there exist K ∈ K and s ∈ K such that
(K, s)∼ = s˜, R⊗ˆZK 6= (0) and 1⊗ s− a⊗ 1 /∈ G(R⊗ˆZK)
}
(see Lemma 2.1 for the meaning of G(·)) and
σuR(a) :=
{
s˜ ∈ K˜ : there exist K ∈ K and s ∈ K such that
(K, s)∼ = s˜, R⊗ˆ
u
ZK 6= (0) and 1⊗ s− a⊗ 1 /∈ G(R⊗ˆ
u
ZK)
}
By considering the canonical homomorphism from R⊗ˆZK to R⊗ˆ
u
ZK, we know that
σuR(a) ⊆ σ
Ber
R (a). Note also that R⊗ˆZK could be zero and the non-zero requirement
in the definitions above are necessary.
Remark 4.1. (a) Let s˜ ∈ σBerR (a) and (K, s) be as in the definition of σ
Ber
R (a)
above. By Remark 3.1(b), there is a surjective isometry Φ ∈ C
(
H(λs˜);K
s
)
with
Φ
(
ϕλs˜(t)
)
= s. This gives a map Ψ ∈ C
(
R⊗ˆZH(λs˜);R⊗ˆZK
)
satisfying Ψ
(
1 ⊗
ϕλs˜(t)
)
= 1⊗ s. Hence, we have
σBerR (a) =
{
λ ∈ A1Z1 : 1⊗ ϕλ(t)− a⊗ 1 is not invertible in R⊗ˆZH(λ) 6= (0)}
(note that the the non-zeroness of R⊗ˆZH(λ) is an assumption instead of a fact).
(b) Let s˜ ∈ σuR(a) and (K, s) be as in the definition of σ
u
R(a) above. Then R⊗ˆ
u
ZK is
a unital ultrametric K-Banach algebra, which implies that K is non-Archimedean.
In particular, σuR(r) is the empty set for any r ∈ R (see Lemma 2.3(a)). Moreover,
the consideration as in part (a) gives
σuR(a) =
{
λ ∈ A1Z0 : 1⊗ ϕλ(t)− a⊗ 1 is not invertible in R⊗ˆ
u
ZH(λ) 6= (0)
}
.
Lemma 4.2. (a) Let T be a commutative unital Banach ring. For any x ∈ R⊗ˆZT
(respectively, x ∈ R⊗ˆ
u
ZT ), the map from M(T ) to R+ that sends λ to ‖(id⊗ϕλ)(x)‖∧
(respectively, ‖(id⊗ ϕλ)(x)‖u∧) is upper semi-continuous.
(b) If we put A1Z1(R) := {λ ∈ A
1
Z1
: R⊗ˆZH(λ) 6= (0)}, then
A1Z1(R) =
⋃{
A1,KZ1 : K ∈ K
min;R⊗ˆZK 6= (0)
}
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and is a closed subset of A1Z1 .
Proof: (a) We will only consider x ∈ R⊗ˆZT , as the other case follows from a similar
argument. Suppose that κ ∈ (0,∞) and λ ∈M(T ) with ‖(id⊗ ϕλ)(x)‖∧ < κ.
Let us first assume that x ∈ R⊗ZT . There exists u1, ..., un ∈ R and v1, ..., vn ∈ T
such that x =
∑n
i=1 ui ⊗ vi and
∑n
i=1 ‖ui‖λ(vi) < κ. When γ is closed enough to
λ, we have ‖(id ⊗ ϕγ)(x)‖∧ ≤
∑n
i=1 ‖ui‖γ(vi) < κ, which gives the upper semi-
continuity.
For a general element x ∈ R⊗ˆZT , we consider ǫ := (κ − ‖(id ⊗ ϕλ)(x)‖∧)/4.
There is y ∈ R ⊗Z T with ‖x − y‖∧ < ǫ. As id ⊗ ϕγ : R⊗ˆZT → R⊗ˆZH(γ) is a
contraction for any γ ∈M(T ), one may use the above and a standard argument to
show that ‖(id⊗ ϕγ)(x)‖∧ < κ when γ is closed enough to λ.
(b) Let λ ∈ A1Z1 and K := H(λ). Then K
0 := H(P(λ)) is the smallest closed
subfield of K. We set A := R⊗ˆZK
0. By Example 2.6(c) and Lemma 2.3(b),
R⊗ˆZK = R⊗ˆZ(K
0⊗ˆK0K) = R⊗ˆZ(K
0⊗ˆZK) = A⊗ˆZK = A⊗ˆK0K.
Obviously, if R⊗ˆZK 6= (0), then A 6= (0). Conversely, if A 6= (0), then A⊗ˆK0K 6=
(0) (one may employ Lemma 2.4(a) if K0 is non-Archimedean). Therefore, λ ∈
A1Z1(R) if and only if P(λ) ∈ A
1
Z1
(R). This gives the first equality.
Moreover, for any γ ∈ (A1Z1)0, one has γ ∈ A
1
Z1
(R) if and only if ‖(id⊗ ϕγ)(1 ⊗
1)‖∧ ≥ 1/2. Thus, by applying part (a) to T = Z1, one knows that (A1Z1)0∩A
1
Z1
(R)
is a closed subset of (A1Z1)0
∼= M(Z1), and A1Z1(R) = P
−1
(
(A1Z1)0 ∩ A
1
Z1
(R)
)
is a
closed subset of A1Z1 . 
The following shows that σBerR (a) is always compact, and it is non-empty if it
satisfies a mild assumption. The idea of the proof of the compactness essentially
comes from [1, Theorem 7.1.2].
Theorem 4.3. Let R be a unital Banach ring and a ∈ R.
(a) σuR(a) and σ
Ber
R (a) (when non-empty) are compact subsets of A
1
Z1
.
(b) σuR(a) 6= ∅ if and only if there exists K ∈ K
u,min with R⊗ˆ
u
ZK 6= (0), or equiva-
lently, there is a non-zero contractive additive map ψ from R to some L ∈ Ku.
(c) If there exists a non-zero contractive additive map from R to some L ∈ K, then
σBerR (a) 6= ∅.
Proof: (a) Since the argument for the compactness of σBerR (a) and σ
u
R(a) are
the same, we will only establish the compactness of σBerR (a). Let M ∈ N with
‖a‖ < M . One may use Lemma 2.1(d) to show that σBerR (a) ⊆ (A
1
Z1
)M . As the set
(A1Z1)M = M(Z1〈M
−1t〉) is compact (see (2.5)), we know that (A1Z1)M ∩ A
1
Z1
(R)
is compact (by Lemma 4.2(b)), and it suffices to show that σBerR (a) is closed in
(A1Z1)M ∩ A
1
Z1
(R) (notice that σBerR (a) ⊆ A
1
Z1
(R) by the definition). Suppose that
λ ∈ (A1Z1)M ∩A
1
Z1
(R)\σBerR (a) and z ∈ R⊗ˆZH(λ) is the inverse of 1⊗ϕλ(t)−a⊗1.
There exist u1, ..., um ∈ R and p1, ...,pm,q1, ...,qm ∈ Z[t] such that ϕλ(qi) 6= 0
(i = 1, ...,m) and∥∥∥∥∥z −
m∑
i=1
ui ⊗ ϕλ(pi)ϕλ(qi)
−1
∥∥∥∥∥
∧
< ‖1⊗ ϕλ(t) − a⊗ 1‖
−1
which gives∥∥∥∥∥1⊗ 1− (1⊗ ϕλ(t)− a⊗ 1)
m∑
i=1
ui ⊗ ϕλ(pi)ϕλ(qi)
−1
∥∥∥∥∥
∧
< 1 (4.1)
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Let us set p¯i := piq1 · · ·qi−1qi+1 · · ·qm (i = 1, ...,m) and q := q1 · · ·qm. Consider
x := 1⊗ q− (1⊗ t− a⊗ 1)
m∑
i=1
ui ⊗ p¯i ∈ R⊗ˆZZ1〈M
−1t〉.
Then (4.1) tells us that there exists κ ∈ (0,∞) with ‖(id ⊗ ϕλ)(x)‖ < κ < λ(q).
Thus, when γ ∈ (A1Z1)M ∩A
1
Z1
(R) is near to λ, we have ‖(id⊗ϕγ)(x)‖ < κ (because
of Lemma 4.2(a)) and κ < γ(q). This means that∥∥∥∥∥1⊗ 1− (1⊗ ϕγ(t) − a⊗ 1)
m∑
i=1
ui ⊗ ϕγ(p¯i)ϕγ(q)
−1
∥∥∥∥∥ < 1
and hence 1 ⊗ ϕγ(t) − a ⊗ 1 is right invertible (by Lemma 2.1(d)). Similarly, one
can show that when γ is close enough to λ, then
(∑m
i=1 ui ⊗ ϕγ(p¯i)ϕγ(q)
−1
)(
1 ⊗
ϕγ(t)− a⊗ 1
)
is invertible, which implies that 1⊗ ϕγ(t)− a⊗ 1 is left invertible.
(b) First of all, suppose that such a ψ : R → L ∈ Ku exists. Let L0 ⊆ L be the
smallest closed subfield of L. Since ψ ⊗ id : R⊗ˆ
u
ZL0 → L is non-zero, we see that
R⊗ˆ
u
ZL0 6= (0).
Secondly, suppose that A := R⊗ˆ
u
ZK 6= (0) for some K ∈ K
u,min. Then A
is a unital ultrametric K-Banach algebra, and we denote by Φ ∈ C(R;A) the
canonical map. One may then apply [1, Theorem 7.1.2(i)] to obtain γ ∈ A1K such
that 1 ⊗ ϕγ(t) − Φ(a) ⊗ 1 /∈ G
(
A⊗ˆ
u
KH(γ)
)
. Consider the canonical unital ring
homomorphism
Υ : Z[t]→ K[t],
and define λ := γ(Υ(·)) ∈ A1Z1 . One can find a map Υ¯γ ∈ C(H(λ);H(γ)) such that
ϕγ(t) = Υ¯γ(ϕλ(t)). By considering Φ⊗ Υ¯γ : R⊗ˆ
u
ZH(λ) → A⊗ˆ
u
KH(γ), we see that(
H(λ), ϕλ(t)
)
∼
∈ σuR(a).
Finally, suppose that σuR(a) 6= ∅. By the definition, R⊗ˆ
u
ZL 6= (0) for some
L ∈ Ku, and one has R⊗ˆ
u
ZL
0 6= (0). As R⊗ˆ
u
ZL
0 is a non-zero ultrametric L0-
Banach space and all fields in Ku,min are spherically complete, one can find a
contractive L0-linear map from R⊗ˆ
u
ZL
0 to L0 sending 1 to 1, and its composition
with the canonical map from R to R⊗ˆ
u
ZL
0 is the required additive and contractive
map.
(c) If L is non-Archimedean, then part (b) implies that σuR(a) 6= ∅ and hence
σBerR (a) 6= ∅.
Suppose that L is Archimedean. We may assume that L = Cυ for some υ ∈ (0, 1].
By the hypothesis, A := R⊗ˆZL is a unital L-Banach algebra. If we set
σCA(a⊗ 1) := {s ∈ C : s− a⊗ 1 /∈ G(A)},
one may employ a standard argument to show that σCA(a ⊗ 1) 6= ∅, and the non-
emptiness of σBerR (a) follows from µL(σ
C
A(a⊗ 1)) ⊆ σ
Ber
R (a). 
The hypothesis of part (c) above is satisfied when R⊗ˆZK 6= (0) for some K ∈
K
min
R , or when R⊗ˆ
u
ZK 6= (0) for some K ∈ K
u,min.
Theorem 4.4. (a) If R is a regular (see Proposition 2.5) ultrametric unital Banach
ring and a ∈ R, then σuR(a) 6= ∅.
(b) Let R be a unital ring. Then σuR0(a) 6= ∅ for every a ∈ R, where R0 is as in
Section 2.
Proof: (a) It follows from Theorem 4.3(b) and Proposition 2.5(b).
(b) We regard R as an abelian group under addition. There is an increasing family
{Gi}i∈I of finitely generated additive subgroups of R such that
⋃
i∈IGi = R and
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all Gi contains the identity 1R of the ring R. For each i ∈ I, there exists ni ∈ N
and a torsion subgroup of Gi with Gi ∼= Zni ⊕Hi. Moreover, we let ϕR : Z → R
be the map as in the proof of Proposition 2.5.
We first consider the case when ϕR(Z) is infinite. Then 1R ⊗ 1Q 6= (0) in
Gi ⊗Z Q ∼= Qni (i ∈ I). As R⊗Z Q =
⋃
i∈IGi ⊗Z Q, we knows that 1R ⊗ 1Q 6= (0)
in R⊗ZQ. Since R0⊗ˆ
u
ZQ0 ∼= R⊗ZQ as abelian groups, the conclusion follows from
Theorem 4.3(b).
Secondly, assume that ϕR(Z) ∼= Z/nZ for some n ∈ N. Let p ∈ P be a prime
factor of n and n′ := n/p. Fix any i ∈ I. Notice that 1R ∈ Hi. If Hi is decomposed
as Z/n1Z⊕ · · · ⊕Z/nMZ and n′ · 1R corresponding to (k¯1, ..., k¯M ) ∈ Z/n1Z⊕ · · · ⊕
Z/nMZ, then
kj =
{
nj/p if p divides nj
0 otherwise.
This shows that n′·1R⊗1Z(p) is non-zero inHi⊗Z(Z/pZ). Consequently, n′·1R⊗1Z(p)
is non-zero in R ⊗Z (Z/pZ), which is isomorphic to R0⊗ˆ
u
ZZ(p) as abelian groups.
Now, the conclusion again follows from Theorem 4.3(b). 
Note that part (b) above does not follows from part (a) since a unital ring with
trivial norm needs not be regular (e.g. Z/4Z).
Suppose that K is a field and A is a unital K-algebra. For any a ∈ A, we set
σKA (a) := {t ∈ K : a− t /∈ G(A)}. (4.2)
If L ∈ K, B is a unital L-Banach algebra and b ∈ B, then µL(σ
L
B(b)) ⊆ σ
Ber
B (b).
In fact, by considering the canonical map from B⊗ˆZL to B, it is easy to see that
B⊗ˆZL 6= (0) and b ⊗ 1 − 1 ⊗ r /∈ G(B⊗ˆZL) whenever r ∈ σLB(b). Similarly,
µL(σ
L
B(b)) ⊆ σ
u
B(b) when B is ultrametric.
Example 4.5. (a) Let Γ be a discrete group and K ∈ K. If ℓ1(Γ;K) is the Banach
ring of all absolutely summable maps from Γ to K (equipped with the ℓ1-norm)
and a ∈ ℓ1(Γ;K), then σuℓ1(Γ;K)(a) 6= ∅. Indeed, since ℓ
1(Γ;K) contained a base
satisfying the condition as in (2.3) with κ = 1, the conclusion follows from Lemma
2.4(b) and Theorem 4.3(b).
(b) Let A be a unital complex algebra and a ∈ A. Then µC0(σ
C
A(a)) ⊆ σ
u
A0
(a)
(see the second paragraph of Section 2 for the notation A0 and C0). Note that
µC0(σ
C
A(a)) is a subset of A
1,Q0
Z1
instead of A1,R1Z1 .
In the remainder of this section, we consider T to be a commutative unital
Banach ring with its cardinality not exceeding α. The following lemma is more or
less well-known.
Lemma 4.6. (a) λ 7→ (H(λ), ϕλ) (see Proposition 2.7(a)) sets up a bijection from
M(T ) onto ΛT / ≈, where
ΛT :=
{
(K,ϕ) : K ∈ K;ϕ ∈ C(T ;K) such that
K is generated by ϕ(T ) as a complete valuation field
}
and (K,ϕ) ≈ (L,ψ) if there is a bijection θ ∈ C(K;L) satisfying ψ = θ ◦ ϕ.
(b) If T is ultrametric and K ∈ K with C(T ;K) 6= ∅, then K is non-Archimedean.
For every u ∈ T , we define Φu : M(T )→ A1Z1 by
Φu(λ)(p) := λ(p(u)) (λ ∈M(T );p ∈ Z[t]).
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If we regard M(T ) = ΛT / ≈ through Lemma 4.6(a) and identify A1Z1 = K˜ as in
the above, we have Φu
(
(K,ϕ)≈
)
= (K,ϕ(u))∼ where (K,ϕ) ∈ ΛT . The following
result can be regarded as an analogue of [1, Proposition 7.1.4(i)].
Proposition 4.7. Let T be a commutative unital Banach ring and u ∈ T .
(a) Φu is continuous and Φu(M(T )) = σ
Ber
T (u). Thus, σ
Ber
T (u) 6= ∅.
(b) If T is generated by u as a unital Banach ring, then Φu is a homeomoprhism.
(c) If T is ultrametric, then Φu(M(T )) = σ
u
T (u). In particular, σ
u
T (u) = σ
Ber
T (u).
Proof: (a) Clearly, Φu is a continuous map. Suppose that λ ∈ M(T ) and K :=
H(λ). We first show that Φu(λ) ∈ σBerT (u). In fact, the map ϕλ ∈ C(T ;K) induces
a map ϕ¯λ ∈ C(T ⊗ˆZK;K) and we have T ⊗ˆZK 6= (0). Since
ϕ¯λ
(
u⊗ 1− 1⊗ ϕλ(u)
)
= 0,
we know that 1⊗ϕλ(u)−u⊗1 /∈ G(T ⊗ˆZK). Thus, Φu(λ) = (K,ϕλ(u))∼ ∈ σ
Ber
T (u).
Conversely, suppose that (L, s)∼ ∈ σBerT (u). By [1, Corollary 1.2.4], there is
H ∈ K and ψ ∈ C
(
T ⊗ˆZL;H
)
such that ψ
(
u ⊗ 1 − 1 ⊗ s
)
= 0. Let us define
φ ∈ C(T ;H) and χ ∈ C(L;H), respectively, by
φ(a) := ψ(a⊗ 1) and χ(r) := ψ(1 ⊗ r) (a ∈ T ; r ∈ L).
Consider L′ to be the closed subfield of H generated by φ(T ). Then (L′, φ) ∈ ΛT .
Since χ(s) = φ(u), we know that (L, s) ∼
(
H,χ(s)
)
∼ (L′, φ(u)), which gives the
surjectivity of Φu.
(b) Since {p(u) : p ∈ Z[t]} is dense in T , it follows from the definition of Φu that
it is injective (and hence homeomorphic).
(c) By Lemma 4.6(b), we know that if (K,ϕ) ∈ ΛT , then K ∈ Ku. Now, the
argument of the first statement of part (a) gives Φu(M(T )) = σ
u
T (u). 
Remark 4.8. Let R be a unital Banach ring, a ∈ R and T is the unital Banach
subring of R generated by a. It is natural to ask whether ∂σBerT (a) ⊆ σ
Ber
R (a)
or ∂σuT (a) ⊆ σ
u
R(a), where the boundaries are taken in A
1
Z1
. Notice that if these
inclusions hold, then one may use Proposition 4.7 to conclude the non-emptiness
of σBerR (a) and σ
u
R(a). However, we will see in Example 4.14 below that neither of
these inclusions hold in general.
In the remainder of this section, we will consider the case of a unital Banach
algebra A over a complete valuation k. As in the above, we let α be an infinite
cardinal larger than the cardinality of A. We will regard k as a unital Banach
subring of A in the usual way. Let us set
K
k := {K ∈ K : K is a complete valuation field extension of k}.
For any a ∈ A, we define
σBerA,k (a) :=
{
s˜ ∈ K˜ : there exist K ∈ Kk and s ∈ K such that
(K, s)∼ = s˜ and 1⊗ s− a⊗ 1 /∈ G(A⊗ˆkK)
}
,
(observe that A⊗ˆkK is always non-zero because of Lemma 2.4(a)) as well as
σuA,k(a) :=
{
s˜ ∈ K˜ : there exist K ∈ Kk and s ∈ K such that
(K, s)∼ = s˜, A⊗ˆ
u
kK 6= (0), and 1⊗ s− a⊗ 1 /∈ G(A⊗ˆ
u
kK)
}
(note that as A is not assumed to be ultrametric, the requirement A⊗ˆ
u
kK 6= (0) is
necessary). One always has σuA,k(a) ⊆ σ
u
A(a), thanks to the canonical ring homo-
morphism from A⊗ˆ
u
ZK to A⊗ˆ
u
kK, as well as σ
u
A,k(a) ⊆ σ
Ber
A,k (a) ⊆ σ
Ber
A (a).
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On the other hand, we consider Υ : Z[t] → k[t] to be the canonical ring homo-
morphism and Υ˜ : A1k → A
1
Z1
to be the induced continuous map. If k is minimum,
then Υ˜ is easily seen to be injective. However, this map is non-injective in general;
for example, when k = C.
For any γ ∈ A1k , we actually have γ(r) = |r|k (r ∈ k), and hence H(λ) ∈ K
k. Let
us extend the notation in [1] slightly as follows:
ΣA(a) :=
{
γ ∈ A1k : 1⊗ ϕγ(t)− a⊗ 1 /∈ G
(
A⊗ˆkH(γ)
)}
as well as
ΣuA(a) :=
{
γ ∈ A1k : A⊗ˆ
u
kH(γ) 6= (0); 1⊗ ϕγ(t)− a⊗ 1 /∈ G
(
A⊗ˆ
u
kH(γ)
)}
.
When A is ultrametric, A⊗ˆ
u
kK 6= (0) for any K ∈ K
k and ΣuA(a) coincides with
the spectrum Σa as defined in [1]. On the other hand, Σ
u
A(a) = ∅ when k is
Archimedean.
Remark 4.9. (a) Suppose that K ∈ Kk and s ∈ K. The map q 7→ |q(s)|K
(q ∈ k[t]) clearly belongs to A1k . This gives a map µ
k
K : K → A
1
k . Notice that µ
k
k is
injective, and that µK = Υ˜ ◦ µkK .
(b) One has
ΣA(a) =
⋃
K∈Kk
µkK
(
σK
A⊗ˆkK
(a⊗ 1)
)
and ΣuA(a) =
⋃
K∈Kk
µkK
(
σK
A⊗ˆ
u
k
K
(a⊗ 1)
)
(see (4.2) for the meaning of σKB (b)).
The argument for the following result is standard and is left to the reader.
Lemma 4.10. Υ˜(ΣA(a)) = σ
Ber
A,k (a) and Υ˜(Σ
u
A(a)) = σ
u
A,k(a).
[This proof will not appear in the published version.]
Proof: Suppose that γ ∈ ΣA(a). By Lemma 2.1(a), ϕγ |k ∈ C(k;H(γ)) is isometric,
and H(γ) ∈ Kk with 1 ⊗ ϕγ(t) − a ⊗ 1 /∈ G(A⊗ˆkH(γ)). Hence,
(
H(γ), ϕγ(t)
)
∼
∈
σBerA,k (a).
Conversely, let K ∈ Kk and s ∈ K such that 1 ⊗ s − a ⊗ 1 /∈ G(A⊗ˆkK). If we
define γ(p) := |p(s)|K (p ∈ k[t]), then γ ∈ A1k . Since ϕγ(p) 7→ p(s) is a well-defined
isometric unital ring homomorphism from ϕλ(k[t]) to K, it extends to an isometry
Ψ ∈ C
(
H(γ);K). By considering id ⊗ Ψ : A⊗ˆkH(γ) → A⊗ˆkK, one knows that
γ ∈ ΣA(a). Now, as (H(γ), ϕγ(t)) ∼ (K, s), we conclude that Υ˜(γ) = (K, s)∼.
The argument for the second equality is similar. 
Moreover, by Lemma 2.4(b) and a similar argument as Theorem 4.3, we obtain
parts (a) to (d) of the following proposition. Note that part (e) follows from part (c),
while part (f) follows from Remark 4.9(b) as well as a standard algbraic argument.
Proposition 4.11. Let A and B be k-Banach algebras with A being unital, and
let a ∈ A. Denote by B ⊕1 k the unital k-algebra B ⊕ k equipped with the norm
‖(b, λ)‖ = ‖b‖B + |λ|k.
(a) ΣA(a) and Σ
u
A(a) are compact subsets of A
1
k .
(b) ΣuA(a) 6= ∅ if and only if k is non-Archimedean and there is a non-zero contrac-
tive additive map from A to k.
(c) If there is a non-zero contractive additive map from A to k, then ΣA(a) 6= ∅.
(d) If k is minimum, ΣA(a) ∼= σBerA,k (a) = σ
Ber
A (a) and Σ
u
A(a)
∼= σuA,k(a) = σ
u
A(a).
(e) ΣB⊕1k(d) 6= ∅ for any d ∈ B ⊕
1 k.
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(f) If B is untial, then ΣB⊕1k(b) \ {µ
k
k(0)} = ΣB(b) \ {µ
k
k(0)}, for any b ∈ B.
[The following proof will not appear in the published version.]
Proof: (f) Note that for K ∈ Kαk , the K-algebra A⊗ˆkK is the K-algebra unital-
ization of B⊗ˆkK. It follows from standard algebraic argument that σKA⊗ˆkK
(b⊗ 1)∪
{0} = σK
B⊗ˆkK
(b⊗ 1) ∪ {0}. Since µkK(0) = µ
k
k(0), Remark 4.9(b) gives the required
conclusion. 
In particular, if either k is Archimedean, or A is ultrametric, or A is finite dimen-
sional, or A is commutative, then ΣA(a) 6= ∅. Moreover, Σ
u
A(a) 6= ∅ when σ
u
A(a)
is non-empty. This fact follows from Theorem 4.3(b), Lemmas 2.3(a), 2.4(b) and
4.10 as well as Propositions 4.11(b).
In the following, D is a commutative unital k-Banach algebra. Suppose that
λ ∈ M(D) and ϕλ ∈ C(D;H(λ)) is as in Proposition 2.7(a). By Lemma 2.1(a),
ϕλ|k is an isometry and we have λ(t) = |t|k (t ∈ k). Consequently, for any b ∈ D,
one can define a map Ψb : M(D)→ A1k by
Ψb(γ)(p) := γ(p(b)) (γ ∈Mk(D);p ∈ k[t]).
Clearly, Φb = Υ˜ ◦Ψb.
Using the argument of Proposition 4.7, we obtain parts (a), (b) and (c) of the
following result. Notice also that the first statement of part (c) is precisely [1,
Proposition 7.1.4(a)]. On the other hand, part (d) of this result follows from part
(a), Lemma 4.10 and Proposition 4.7(a). Similarly, part (e) follows from part (c),
Lemma 4.10 and 4.7(c). Furthermore, part (f) follows from the Mazur theorem,
which states that if a commutative R1-Banach algebra is also a division ring, then
it is either R1 or C1.
Proposition 4.12. Let D be a commutative unital k-Banach algebra and b ∈ D.
(a) Ψb is a continuous surjection from M(D) onto ΣD(b).
(b) If D is generated by b as a unital k-Banach algebra, Ψb is a homeomoprhism.
(c) If D is ultrametric, then Ψb(M(D)) = Σ
u
D(b). In particular, Σ
u
D(b) = ΣD(b).
(d) σBerD,k (b) = σ
Ber
D (b).
(e) If D is ultrametric, then σuD,k(b) = σ
u
D(b).
(f) If k = R1, then ΛD = C(D;C1).
Let us consider the cases when k = R1 or C1 and compare the above with the
usual spectrum.
Proposition 4.13. Suppose that B is a unital R1-Banach algebra and b ∈ B.
(a) σBerB (b) = µC1
(
σCB⊗RC(b⊗ 1)
)
.
(b) If B is a unital C1-Banach algebra, then σBerB (b) = σ
Ber
B,C1
(b) = µC1
(
σCB(b)
)
.
Proof: (a) This follows from Proposition 4.11(d), Remark 4.9(b) as well as the
facts that KR1 = {R1,C1} and B⊗ˆR1C1 = B ⊗R C as complex algebras.
(b) The first equality follows from part (a), Example 3.4(b) and [2, Proposition 3.3].
The second equality follows from Remark 4.9(b) and the fact that KC1 = {C1}. 
Part (b) of the above tells us that if B is a complex Banach algebra, then σBerB (b)
is the “folding up” of the usual spectrum σCB(b) alone the real axis (see Example
3.4(b).
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Finally, we give a negative answer to the question raised in Remark 4.8.
Example 4.14. We use the notation as in Example 3.6.
(a) By Proposition 4.13, σBerR1 (0) = σ
Ber
C1
(0) = {01R}. As the subring of R1 generated
by 0 is Z1, Proposition 4.7(b) and the definition of Φ0 (as in Proposition 4.7 for
u = 0) tell us that σBerZ1 (0) = (A
1
Z1
)0. Consider ω ∈ (0,∞) and p ∈ P. Then
µQωp (p
n) → 0ωp when n → ∞ and hence 0
ω
p ∈ ∂σ
Ber
Z1
(0) \ σBerR1 (0) (the boundary is
taken in A1Z1).
(b) For any K ∈ KQ0 , one has Q0⊗ˆ
u
Q0
K = K and we know from Remark 4.1(b)
that σuQ0(0) = {0Q}. The unital Banach subring of Q0 generated by 0 is Z0. Again
Proposition 4.7(b)&(c) and the definition of Φ0 tells us that σ
u
Z0
(0) = (A1Z1)0∩A
1
Z0
.
The same argument as part (a) implies that 0ωp ∈ ∂σ
u
Z0
(0) \ σuQ0(0).
Nevertheless, we do not know whether ∂σBerB,k (a) ⊆ σ
Ber
A,k (a), when A is a unital
k-Banach algebra, a ∈ A and B is the unital k-Banach subalgebra of A generated
by a. Note that a positive answer to this question will give the non-emptiness of
σBerA,k (a) (because of Propositions 4.7(a) and 4.12(d)).
5. Existence of zeros of the Fredholm determinants
In the following, k is a non-Archimedean complete valuation field and J is an
infinite set. Suppose that E := c0(J; k) with {ej}j∈J being its canonical base. We
set α to be the cardinality of L(E). For any v ∈ L(E), if (ηij)i,j∈J is the matrix
representing v under the base {ej}j∈J, then, as in the paragraph preceeding [7,
Proposition 4], one has
‖v‖L(E) = sup
i,j∈J
|ηij |k. (5.1)
Let u ∈ L(E) be a completely continuous operator and det(1 − tu) ∈ k[[t]] be
the Fredholm determinant as defined [7, p.75]. The aim of this section is to give
an equivalent condition for the existence of a zero of det(1 − tu) in a complete
valuation field extension of k.
We first start with the following well-known lemma. Note that part (a) is pre-
cisely [7, Proposition 6], while part (b) follows from part (a) as well as (5.1).
Lemma 5.1. Let K ∈ Kk.
(a) There is a natural isometric isomorphism from E⊗ˆ
u
kK to c0(J;K) sending
{ej ⊗ 1}j∈J to the canonical base of c0(J;K).
(b) There is a canonical isometric k-linear map κE,K : L(E) → L(E⊗ˆ
u
kK) such
that κE,K(b)(x ⊗ s) = b(x)s (b ∈ L(E);x ∈ E; s ∈ K).
As usual, we denote κE,K(b) by b⊗ id. Observe that part (b) above and Lemma
2.2(c) produce a contractive unital ring homomorphism κˆE,K : L(E)⊗ˆ
u
kK →
L(E⊗ˆ
u
kK) with
κˆE,K(b⊗ t) = (b⊗ id) · t (b ∈ L(E); t ∈ K)).
Moreover, we use Au to denote the unital k-Banach subalgebra of L(E) generated
by u.
Our next lemma is more or less known, but we give its argument here for the
sake of completeness.
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Lemma 5.2. (a) (k, 0)∼ ∈ σBerL(E),k(u).
(b) If (K, 0)∼ ∈ σBerL(E),k(u), then (K, 0)∼ = (k, 0)∼.
(c) If s ∈ k such that 1− su ∈ G(L(E)), then (1 − su)−1 ∈ Au.
Proof: (a) It follows from the Corollary of [7, Proposition 4] (which implies that
the identity map is not completely continuous, and hence no completely continuous
operator is invertible).
(b) This part follows from the fact that K ∈ Kk.
(c) Let P (t, u) ∈ L(E)[[t]] be the Fredholm resolvent as in [7, p.78]. Then
det(1− tu) = P (t, u)(1− tu) (5.2)
and for any r ∈ k, one knows that 1−ru is invertible if and only if det(1−ru) 6= 0 (see
[7, Proposition 11]). Moreover, if we consider the expansion det(1−tu) =
∑∞
i=0 cit
i
and P (t, u) =
∑∞
i=0 xit
i, where c0, c1, c2, ... ∈ k and x0, x1, x2, ... ∈ L(E), then as
in [7, p.78],
x0 = 1 and xi = ci + uxi−1 (i ∈ N). (5.3)
Thus, xi ∈ Au, for every i ∈ N, and (1− su)−1 = det(1− su)−1P (s, u) ∈ Au. 
Proposition 5.3. Let E, u and Au be as in the above. Then σ
u
L(E),k(u) =
σBer
L(E)(u) = σ
Ber
Au
(u) = Φu(M(Au)) and they coincide with
σu(u) :=
{
s˜ ∈ K˜ : there exist K ∈ Kk and s ∈ K such that
(K, s)∼ = s˜ and s− u⊗ id /∈ G
(
L(E⊗ˆ
u
kK)
)}
.
Proof: As in Lemma 4.10, one has
σu(u) = Υ˜
({
γ ∈ A1k : ϕγ(t)− u⊗ id /∈ G
(
L(E⊗ˆ
u
kH(γ))
)})
. (5.4)
If γ ∈ A1k satisfying 1 ⊗ ϕγ(t) − u ⊗ 1 ∈ G
(
L(E)⊗ˆ
u
kH(γ)
)
, then ϕγ(t) − u ⊗ id =
κˆE,H(γ)
(
1⊗ϕγ(t)−u⊗ 1
)
is invertible in L(E⊗ˆ
u
kH(γ)). Thus, by Lemma 4.10, we
know that σu(u) ⊆ σu
L(E),k(u).
Obviously, σu
L(E),k(u) ⊆ σ
Ber
L(E)(u) ⊆ σ
Ber
Au
(u), and σBerAu (u) = Φu(M(Au)) be-
cause of Proposition 4.7(a). By Relation (5.4), Proposition 4.12(d) and Lemma
4.10, in order to verify σBerAu (u) ⊆ σ
u(u), it suffices to show that ϕγ(t) − u ⊗ id /∈
G
(
L(E⊗ˆ
u
kH(γ))
)
whenever γ ∈ ΣAu(u).
Suppose on the contrary that there exists λ ∈ ΣAu(u) with ϕλ(t) − u ⊗ id ∈
G
(
L(E⊗ˆ
u
kH(λ))
)
. Since u ⊗ id is completely continuous, Lemma 5.2(a) tells us
that r := ϕλ(t)
−1 makes sense. As in Relation (5.2), one has
(1− r(u ⊗ id))−1 = det(1− r(u ⊗ id))−1P (r, u⊗ id).
By Lemma 5.1(a) and [7, Proposition 7(a)], the two Fredholm determinants det(1−
tu) and det(1−t(u⊗ id)) coincide. Thus, if {ci}i∈N0 and {xi}i∈N0 are the sequences
as in the argument of Lemma 5.2(c) (in particular, xi ∈ Au) and P (t, u ⊗ id) is
expressed as
∑∞
i=0 yit
i, where yi ∈ L(E⊗ˆ
u
kH(λ)), then one has
y0 = 1 and yi = ci + (u ⊗ id)yi−1 (i ∈ N),
which gives yi = κE,H(λ)(xi) (i ∈ N). Since P (r, u ⊗ id) converges, we know that
‖xi‖|r|i = ‖yi‖|r|i → 0 as i → ∞ (note that κE,H(λ) is isometric). Consequently,
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the element Pˆ (r, u⊗ 1) :=
∑∞
i=0 xi ⊗ r
i exists in Au⊗ˆ
u
kH(λ) (as ‖ · ‖
u
∧ is a subcross
norm). Moreover, as 1− r(u ⊗ id) ∈ G
(
L(E⊗ˆ
u
kH(λ))
)
, we have
∞∑
i=0
cir
i = det(1− r(u ⊗ id)) 6= 0.
Now, we set b := (
∑∞
i=0 cir
i)−1Pˆ (r, u⊗ 1). It is not hard to check, with the help of
Equalities (5.3), that(
∞∑
i=0
cir
i
)
b(1−u⊗r) =
(
∞∑
i=0
xi ⊗ r
i
)
(1−u⊗r) =
∞∑
i=0
cir
i = (1−u⊗r)
(
∞∑
i=0
cir
i
)
b,
which means that 1− u⊗ r is both left and right invertible. This gives the contra-
diction that 1⊗ ϕλ(t) − u⊗ 1 ∈ G
(
Au⊗ˆ
u
kH(λ)
)
. 
One can use Equality (5.1) to show that if λ ∈ A1k such that H(λ), when con-
sidered as a k-Banach space, has an orthogonal base, then the canonical map from
Au⊗ˆ
u
kH(λ) to L(E⊗ˆ
u
kH(λ)) is actually isometric, and the argument of the above
can be simplified. This applies, in particular, to the case when k is separable and
locally compact, becasue of [5, Theorem 50.8].
Proposition 5.3 produces a relationship between non-zero elements in the spec-
trum of u and zeros of the Fredholm determinant associated with u, which, although
not extremely surprising, gives a way to determine whether a zero of the Fredholm
determinat exists.
Theorem 5.4. Let E and u be as in the above. Then{
(K, s−1)∼ ∈ K˜ : K ∈ Kk; s ∈ K; det(1− su) = 0
}
= σBer
L(E)(u) \ {(k, 0)∼} .
Proof: By Proposition 5.3 and Lemma 5.2(b), one has (K, r)∼ ∈ σBerL(E)(u) \
{(k, 0)∼} if and only if r 6= 0 and r − u ⊗ id /∈ G
(
L(E⊗ˆ
u
kK)
)
. Moreover, [7,
Proposition 11] tells us that the later is equivalent to det(1 − r−1u) = det(1 −
r−1(u ⊗ id)) = 0 (see also the argument of Proposition 5.3). The equivalence now
follows from the fact that 0 is never a zero of det(1− tu) in any complete valuation
field. 
By [1, Theorem 1.3.1] and Proposition 4.7(a), we know that
max
{
|s|K : (K, s)∼ ∈ σ
Ber
Au (u)
}
= lim
n
‖un‖
1
n .
This, together with Proposition 5.3 and Theorem 5.4, gives the following corollary.
Corollary 5.5. Let E and u be as in the above.
(a) If K ∈ Kk and s ∈ K satisfying det(1 − su) = 0, then |s|K ≥ limn ‖un‖−1/n.
(b) If limn ‖un‖1/n = 0, there does not exist K ∈ Kk and s ∈ K with det(1−su) = 0.
Let us end this article with the following concrete example of a completely contin-
uous operator whose Fredholm determinant has no zero in any complete valuation
field extension.
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Example 5.6. Let p ∈ P and E := c0(N;Q1p). Define u ∈ L(E) by
u
(
(si)i∈N
)
:= (pi · si+1)i∈N ((si)i∈N ∈ E).
Clearly, u is completely continuous. It follows from Equality (5.1) that ‖un‖ ≤
p−
n(n+1)
2 (n ∈ N). Thus, Corollary 5.5(b) tells us that there is no zero for the
Fredholm determinant of u in any complete valuation field extension of Q1p.
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